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Agents run on tokens

m Al agents (coding, research, customer support) work by consuming tokens: every
step of a task is paid in tokens.

m Providers sell usage as a quota:

m it refills at a contracted rate;
m it is capped at a maximum depth;
m when it runs out, the user is throttled.

m An organisation runs a fleet of agents against one shared quota. Agents start and
finish tasks at random times.
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Two purchasing questions

What refill rate should we buy? How large a quota should we hold?
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Two purchasing questions

What refill rate should we buy? How large a quota should we hold?

m Buying too little: agents are throttled and tasks stall.

m Buying too much: the quota sits full and the refill is wasted.
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Two purchasing questions

What refill rate should we buy? How large a quota should we hold?

m Buying too little: agents are throttled and tasks stall.
m Buying too much: the quota sits full and the refill is wasted.

m How do both answers scale with the size of the fleet?
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Where this came from: a battery-backed EV charger

Charger

m A battery between grid and charger: Grid P Q</\_
recharged slowly, discharged fast. _J

m Fast charging at p, while x > 0;

when the battery is empty, only the
grid rate p; < pa.
Po c
x € [0, B

Joint work with S. Bibiloni (Universidad de la
Republica).
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Where this came from: a battery-backed EV charger

Charger
b2 A

l—————

m A battery between grid and charger: Grid
recharged slowly, discharged fast. _J

m Fast charging at p, while x > 0;

when the battery is empty, only the
grid rate p; < pa.
Po c
x € [0, B

m Single-server loss system [Bibiloni
and Ferragut, 2026]: closed form,
with decoupling f; = %fo,fo o e,

Joint work with S. Bibiloni (Universidad de la
Republica).
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Strip away the batteries and the cars

m A reservoir, refilled at a constant rate, up to a cap.
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Strip away the batteries and the cars

m A reservoir, refilled at a constant rate, up to a cap.

m Users come and go, and draw from it fast while it lasts.
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Strip away the batteries and the cars

m A reservoir, refilled at a constant rate, up to a cap.
m Users come and go, and draw from it fast while it lasts.

m When it is empty, everyone is held to the refill rate.
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Strip away the batteries and the cars

m A reservoir, refilled at a constant rate, up to a cap.
m Users come and go, and draw from it fast while it lasts.

m When it is empty, everyone is held to the refill rate.

Have we seen this before?
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Yes!

It is a token bucket.

The classical tool of traffic shaping in networks.



What is a token bucket?

m Tokens drip into a bucket at rate p,

up to a depth B.

Andres Ferragut, Universidad ORT Uruguay

tokens, rate pl
B -

o0
o0
. spend
traffic
— HE NN sate
shaped
TU/Eindhoven — November 2026 9/70



What is a token bucket?

m Tokens drip into a bucket at rate p,
up to a depth B. tokens, rate pl

B -

m Traffic leaves only by spending
tokens: bursts up to B pass at once,
the long-run rate is p.

traffic

—> [ B —>| gate

shaped
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What is a token bucket?

m Tokens drip into a bucket at rate p,
up toa depth B. tokens, rate pl discarded

m Traffic leaves only by spending
tokens: bursts up to B pass at once,
the long-run rate is p.

m Bucket empty: traffic waits
(shaping) or is dropped (policing). traffic spend
== 1 1 1 | gate
m Bucket full: new tokens are shaped
discarded.
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What is a token bucket?

m Tokens drip into a bucket at rate p,
up toa depth B. tokens, rate pl discarded

m Traffic leaves only by spending
tokens: bursts up to B pass at once,
the long-run rate is p.

m Bucket empty: traffic waits
(shaping) or is dropped (policing). traffic spend
== 1 1 1 | gate
m Bucket full: new tokens are shaped
discarded.

Introduced to police and shape traffic in ATM and the Internet [Turner, 1986]; today it is the standard rate
limiter of APIs and cloud services.
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Token buckets are fluid queues

m The token level is a fluid buffer: filled at rate p, drained by the traffic.
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Token buckets are fluid queues

m The token level is a fluid buffer: filled at rate p, drained by the traffic.

m Token buckets fed by Markov-modulated on—off sources were analysed with
spectral methods in the early 1990s, e.g. [Elwalid and Mitra, 1991].
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Token buckets are fluid queues

m The token level is a fluid buffer: filled at rate p, drained by the traffic.

m Token buckets fed by Markov-modulated on—off sources were analysed with
spectral methods in the early 1990s, e.g. [Elwalid and Mitra, 1991].

An old fluid queue, in a new setting: Al agents sharing a token quota.
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The connection: a shared token bucket

token bucket agent fleet

tokens in the bucket remaining quota x
bucket depth quota cap B

token rate refill rate p

peak rate burn rate ¢ of an agent
flows arriving agents activating
empty: held to the token rate | empty: throttled

full: tokens discarded full: refill wasted
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The connection: a shared token bucket

token bucket agent fleet

tokens in the bucket remaining quota x
bucket depth quota cap B

token rate refill rate p

peak rate burn rate ¢ of an agent
flows arriving agents activating
empty: held to the token rate | empty: throttled

full: tokens discarded full: refill wasted

The interesting state is the empty bucket.
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The new setting

The quota is a shared bucket, drawn on by a random number of agents that come and go.
When it runs dry, the agents finish more slowly.
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Key points of this talk

m A flow-level model of a token quota shared by a fleet of on—off agents: a PDMP
with state (active agents, tokens left).

m All eigenvalues of the stationary problem are real: a short proof from reversibility.

m The stationary law exists, is unique and positive: a 2 x 2 Perron-Frobenius
argument.

m Fluid limit: the bucket ends full or empty; under-provisioning makes the fleet pile
up.

m Square-root provisioning (work in progress): a refill margin of order v/N above the
mean burn should need a quota of order v/N only.
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One agent

m An agent is idle or active. An idle agent starts a task at rate A.
m A task requires Y ~ Exp(u) tokens, drawn afresh each time.

m An active agent burns tokens at rate c (tokens per unit time).

idle: Exp(A) active: Y/c

agent ——— [ s il

burns Y tokens at rate ¢
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One agent: rates

m The active period is Y/c ~ Exp(v), with completion rate

V= lcC.

m Memoryless demands: the state of an agent is just idle/active.
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One agent: rates

m The active period is Y/c ~ Exp(v), with completion rate

V= lcC.

m Memoryless demands: the state of an agent is just idle/active.

Notation

A
vi= A+, p = — (duty cycle: fraction of time active).
Y
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The fleet: an Engset population

N agents, independent as long as tokens remain. Let n(t) = number of active agents.

~CC@CC®

(n+1)v

The finite-source birth—death chain of [Engset, 1918], with generator Q.
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The fleet: stationary law

m Stationary law: binomial,

N
Ty = <n)p"(1 —p)Nm, Np agents active on average.

m Mean burn rate of the fleet: cNp.
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The fleet: stationary law
m Stationary law: binomial,
_ N ni¢ _ \N—n .
Ty = pt(1—p) T, Np agents active on average.
n
m Mean burn rate of the fleet: cNp.

Reversibility [Kelly, 1979]

T (N — A = mppq (n+ v

We will use it twice: for the spectrum and for positivity.
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The quota

m Tokens left: x(¢) € [0, B].
m The quota refills at rate p.

m With n agents active, the net drift is

X=ry:=p—nc

Andres Ferragut, Universidad ORT Uruguay TU/Eindhoven — November 2026
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n = 3 active, each burns ¢
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Filling and draining modes

m The drift r, = p — nc changes sign once, at n* := |p/c|:
m n < n*: the quota fills;
m n > n*: the quota drains.
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Filling and draining modes

m The drift r, = p — nc changes sign once, at n* := |p/c|:
m n < n*: the quota fills;
m n > n*: the quota drains.

m Standing assumptions: 0 < p < Nc, and p/c ¢ Z, so that no mode has zero drift.
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Filling and draining modes

m The drift r, = p — nc changes sign once, at n* := |p/c|:
m n < n*: the quota fills;
m n > n*: the quota drains.

m Standing assumptions: 0 < p < Nc, and p/c ¢ Z, so that no mode has zero drift.

Mean drift p — cNp
The plan is over-provisioned if p > cNp, under-provisioned if p < cNp.
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State space and dynamics

! — m State: Z(t) = (n(t), x(1)).
i i m Arrows: speed |ry|, here p/c = 2.5.
n=3 = < X
| > 1
n=2— y
l — !
n=1-— @ T
l ——
n=20 ! ‘
0

n<n"=2:All
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State space and dynamics

! «— m State: Z(t) = (n(t), x(1)).

| - | m Arrows: speed |r,|, here p/c = 2.5.
n=3 ? m Between jumps: x moves

| |

! > ! deterministically; n is frozen.
n=2- i

1 e
n=1 T @ T

! !

| _—
n=20 ‘ ‘

0

n<n"=2:All
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State space and dynamics

! «— m State: Z(t) = (n(t), x(1)).

i - i m Arrows: speed |r,|, here p/c = 2.5.
n=3 : : m Between jumps: x moves
o, 3 A > 3 deterministically; n is frozen.

| ! | m Jumps change n by £1; x is
=1 ° : — ! unchanged.
n=20 : :

0 n<n"=2:Aill
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State space and dynamics

ne=a - x «— m State: Z(t) = (n(t), x(1)).

| : . | m Arrows: speed |r,|, here p/c = 2.5.
ki X ‘ m Between jumps: x moves

) | E > ! deterministically; n is frozen.

n= | ‘ .

‘ ? ‘ m Jumps change n by £1; x is
ne1 ° . — = unchanged.

| _—
n=0- ‘

0

n<n*=2:Aill
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State space and dynamics

I

State: Z(t) = (n(t), x(1)).
Arrows: speed |r,|, here p/c = 2.5.

.&

Between jumps: x moves
deterministically; n is frozen.

| |
| |
| > |
n=2- x i .
‘ ! ‘ m Jumps change n by £1; x is
=1 ° . — = unchanged.
1 | m The flow reaches the boundary in
| —_— > .. .. . .
n=0— ge finite time, and sticks there.
0
n<n"=2:All
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A sample path

time

N =120, p=0.25 (Np = 5), c = 1, refill p = 5.2, B= 4. Long run: quota empty 9% of the time, full 15%, in
22/70

between 76%.
TU/Eindhoven — November 2026
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The full bucket

m If x = Band n < n*, the refill would push the quota above its cap: the excess is
discarded.

m The quota sticks at B; the agents are unaffected.

m It leaves B when the fleet crosses to n = n* 4+ 1.
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The full bucket

m If x = Band n < n*, the refill would push the quota above its cap: the excess is
discarded.

The quota sticks at B; the agents are unaffected.

m It leaves B when the fleet crosses to n = n* 4+ 1.

m Atoms of the stationary law at (n, B), n < n*.

Wasted refill rate: W = Z (p — nc) P(n=n, x = B).

n<n*
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The empty bucket

m If x = 0 and n > n*, the agents want nc tokens per unit time, but only p arrive.
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The empty bucket

m If x = 0 and n > n*, the agents want nc tokens per unit time, but only p arrive.

m Tokens are the unit of work: a task is done when its Y tokens have been burnt.
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The empty bucket

m If x = 0 and n > n*, the agents want nc tokens per unit time, but only p arrive.
m Tokens are the unit of work: a task is done when its Y tokens have been burnt.

m A starved agent does not slow down a stream: it stops progressing.
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The empty bucket: throttling

The p incoming tokens are shared among the n active agents: each burns at rate p/n,
and completes at rate up/n.
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The empty bucket: throttling

The p incoming tokens are shared among the n active agents: each burns at rate p/n,
and completes at rate up/n.

Completion rate of the fleet

nw x>0orn<n*
m(n, x) = .
uwp x=0, n>n* (throttled).
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The empty bucket: throttling

The p incoming tokens are shared among the n active agents: each burns at rate p/n,
and completes at rate up/n.

Completion rate of the fleet

(n, %) nv x>0orn<n*
m(n,x) =
uwp x=0, n>n* (throttled).

m Activations continue at (N — n)\; the quota stays at 0 until n drops to n*.
m Work is conserved: no task is lost, the fleet just progresses at the refill rate.
m At x = 0 the fleet’s rates depend on the quota: the chain n(t) is not autonomous.
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A piecewise-deterministic Markov process

m Z(t) = (n(t),x(t)) is a PDMP [Davis, 1984, 1993]:
m deterministic flow x = r, between jumps;
m state-dependent jump rates (N — n)\ and m(n, x);
m jumps that leave x unchanged.
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A piecewise-deterministic Markov process

m Z(t) = (n(t),x(t)) is a PDMP [Davis, 1984, 1993]:

m deterministic flow x = r, between jumps;
m state-dependent jump rates (N — n)\ and m(n, x);
m jumps that leave x unchanged.

m It sits slightly outside Davis’s framework: compact state space, and a flow that

reaches the boundary.

m The construction is explicit, and the strong Markov property holds.

26/70
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Extended generator

For ¢(n, -) absolutely continuous:

A (n, x) = rm Oxp(n, x)+(N=n)A [p(n+1, x) =tb(n, x) |+ m(n, x) [(n—1, x) = (n, x)],

with the transport term switched off at the sticky boundaries.
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Extended generator

For ¢(n, -) absolutely continuous:
Atp(n, x) = 1 Oxtp(n, x)+(N—n)A [ (n+1, x) =tp(n, x)]+m(n, x) [1)(n—1, x) =th(n, x)],

with the transport term switched off at the sticky boundaries.

A stationary law 7 satisfies /Aw dm = 0 for all ¢ in the domain.
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The stationary measure

We seek a mixed measure:
m densities f,(x) on (0, B);

m atoms Wff at x = B for the filling modes n < n*;

m atoms 70 at x = 0 for the draining modes n > n*.
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The stationary measure

We seek a mixed measure:
m densities f,(x) on (0, B);

m atoms Wff at x = B for the filling modes n < n*;

m atoms 70 at x = 0 for the draining modes n > n*.

Interior, with £ = (fy, ..., fy) a row vector and R = diag(r,):

f'(x)R=f(x) Q, x € (0,B).
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Boundary conditions

At x = B:

m draining modes enter only through the
gateway n* — n* + 1:

| 41] far+1(B7) = (N — n*)A Wf*,

and fy(B~) =0forn>n*+1;

m atoms: Engset balance on {0, ..., n*},
fed by the interior.

Andres Ferragut, Universidad ORT Uruguay

At x = 0:
m filling modes enter only through the
gateway n* +1 — n™:

T fr (0+) = up 72*—1—1’

and f,(0%) = 0 for n < n*;

m atoms: throttled balance on
{n* +1,...,N}, deaths at rate up.
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Related models

m Fluid buffers modulated by on—off sources have a long history: [Kosten, 1974],
[Anick et al., 1982], the finite buffer of [Mitra, 1988], and token buffers [Elwalid and
Mitra, 1991].
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Related models

m Fluid buffers modulated by on—off sources have a long history: [Kosten, 1974],
[Anick et al., 1982], the finite buffer of [Mitra, 1988], and token buffers [Elwalid and
Mitra, 1991].

m Sources whose rates depend on the buffer: feedback fluid queues [Mandjes et al.,
2003].
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Related models

m Fluid buffers modulated by on—off sources have a long history: [Kosten, 1974],
[Anick et al., 1982], the finite buffer of [Mitra, 1988], and token buffers [Elwalid and
Mitra, 1991].

m Sources whose rates depend on the buffer: feedback fluid queues [Mandjes et al.,
2003].

We use the same objects (eigenvalues, boundary conditions), with self-contained proofs.
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Try f(x) = p ¥ in f'R = £Q:
0 pR = ¢Q.



Exponential solutions

Try f(x) = p e’ in f'R = fQ:
0 R = Q.

m Ris invertible (p/c ¢ Z): N + 1 eigenpairs (6, ¢k), and

N
f(x) = Z ay o .

k=0

m 0 = 0 is always an eigenvalue, with ¢ = 7 the binomial law.
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Two questions about the solution

m The coefficients a; and the atoms are fixed by the boundary conditions.

m There are as many conditions as unknowns.
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Two questions about the solution

m The coefficients a; and the atoms are fixed by the boundary conditions.

m There are as many conditions as unknowns.

Are the 6y real?

Is the resulting measure positive, and unique?
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Every eigenvalue 6 of 8 R = ¢Q is real.



All the eigenvalues are real

Theorem

Every eigenvalue 6 of 0 R = ©Q is real.

m  is a row vector, possibly complex; R = diag(r,) is real and invertible.
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All the eigenvalues are real

Theorem

Every eigenvalue 6 of 0 R = ©Q is real.

m  is a row vector, possibly complex; R = diag(r,) is real and invertible.

m Divide the eigenvector by the stationary law:

h, = ﬂ, ie. ©=h'II, II=diag(m,), m > 0.

Tn
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All the eigenvalues are real

Theorem

Every eigenvalue 6 of 0 R = ©Q is real.

m  is a row vector, possibly complex; R = diag(r,) is real and invertible.

m Divide the eigenvector by the stationary law:

h, = ﬂ, ie. ©=h'II, II=diag(m,), m > 0.

Tn

mFor0=0p=mand h=1.
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Step 1: from ¢ to h

Two facts:

m IIR = RII, since both are diagonal;

m 110 = Q'II, i.e. m,Qum = TmQmn: this is detailed balance.
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Step 1: from ¢ to h

Two facts:

m IIR = RII, since both are diagonal;
m [IQ0= QTH, i.e. T Onm = TmQmn: this is detailed balance.
Substitute ¢ = h'I1in @ R = Q-

Oh'IIR = h'TIQ
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Step 1: from ¢ to h

Two facts:

m IIR = RII, since both are diagonal;
m [IQ0= QTH, i.e. ThQum = TmQOmn: this is detailed balance.
Substitute ¢ = h'I1in @ R = Q-
Oh'IIR = h'TIQ
Oh'RII=hH"Q'II (the two facts)
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Step 1: from ¢ to h

Two facts:

m IIR = RII, since both are diagonal;
m [IQ0= QTH, i.e. ThQum = TmQOmn: this is detailed balance.
Substitute ¢ = h'I1in @ R = Q-
Oh'IIR = h'TIQ
Oh'RII=hH"Q'II (the two facts)
0(Rh)'II=(QOh)'1I (R symmetric).
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Step 1: from ¢ to h

Two facts:
m IIR = RII, since both are diagonal;
m [IQ0= QTH, i.e. ThQum = TmQOmn: this is detailed balance.
Substitute ¢ = h'I1in @ R = Q-
Oh'IIR = h'TIQ
Oh'RII=hH"Q'II (the two facts)
0(Rh)'II=(QOh)'1I (R symmetric).

Cancel the invertible IT and transpose:

Qh=0Rh.
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Self-adjointness

Inner product weighted by the stationary law:

(u,v), = an Up V.
n
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Self-adjointness

Inner product weighted by the stationary law:
= Z Ty Up Vy.
n

m Q is self-adjoint, by detailed balance:

Qu V Z TnOnm UmVp = Z TmQmn UmVp = <u7 QV>7r s

using that Q is real.
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Self-adjointness

Inner product weighted by the stationary law:
= Z Ty Up Vy.
n

m Q is self-adjoint, by detailed balance:

Qu V Z 7TnQnm UmVp = Z 7"-QOn U Vy = <u7 QV>7|_ s
using that Q is real.

m Ris real and diagonal, so it is self-adjoint too.
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Self-adjointness

Inner product weighted by the stationary law:
= Z Ty Up Vy.
n

m Q is self-adjoint, by detailed balance:
(Qu, ), Zanm UnVn = D TmQmn ¥ = (1, QV) .,
using that Q is real.
m Ris real and diagonal, so it is self-adjoint too.

m Hence (Qh, h)__and (Rh, h)_ are real, for every complex h.

Andres Ferragut, Universidad ORT Uruguay TU/Eindhoven — November 2026 36/70



All the eigenvalues are real: proof

Let Qh = ORh, h # 0.

m Step 2. Take the inner product with h:

(Oh,h)_ =6 (Rh, h)_, both brackets real.
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All the eigenvalues are real: proof

Let Qh = ORh, h # 0.

m Step 2. Take the inner product with h:

(Oh,h)_ =6 (Rh, h)_, both brackets real.
m Step 3. Qis a generator (rows sum to 0) and 7,Qy, is symmetric, so

1 2
<Qh, h>7r = _5 g TnQnm ‘hn - hm‘ <0,

with equality iff h is constant (Q irreducible).
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All the eigenvalues are real: end of proof

m Step 4. If (Rh, h) _ # 0:
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All the eigenvalues are real: end of proof

m Step 4. If (Rh, h) _ # 0:

<Qh7 h>71'

0= € R.

m If (Rh, h) = 0: then (Qh, h)_ = 0, so his constant and Qh = 0.

Thus 8 Rh = 0 with Rh # 0 (R invertible), so 6 = 0.
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All the eigenvalues are real: end of proof

m Step 4. If (Rh, h) _ # 0:
(Oh, h)
0= T eR.
(Rh, By,

m If (Rh, h) = 0: then (Qh, h)_ = 0, so his constant and Qh = 0.

Thus 8 Rh = 0 with Rh # 0 (R invertible), so 6 = 0. O

Step 3 is needed because R is indefinite: self-adjointness alone allows (Rh, h) = 0.

Reality is proved by other routes in [Anick et al., 1982] (an explicit discriminant) and [Mitra, 1988] (a Schur

complement and Sylvester’s law of inertia).
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What the spectral solution does not tell us

m Equal numbers of conditions and unknowns do not make the linear system
non-singular.

m Nor do they make the resulting measure non-negative: exponents of both signs,
coefficients of both signs.

m For the classical finite buffer, [Mitra, 1988] does not prove either.
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What the spectral solution does not tell us

m Equal numbers of conditions and unknowns do not make the linear system
non-singular.

m Nor do they make the resulting measure non-negative: exponents of both signs,
coefficients of both signs.

m For the classical finite buffer, [Mitra, 1988] does not prove either.

We use a probabilistic route instead of the linear algebra.
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Existence and uniqueness

Theorem

For0 < p < Nc, p/c ¢ Z, the process has a unique stationary distribution.
Its densities are positive on (0, B) and its atoms are positive.
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The gateways

!
!
m Only two atoms leak into the interior: " :
n*+1 ! .
0 B —n*
U= Ty, V=T, . HPy 1 (N=n")A
e &
! v
t :
! [
| |
| |
I L ]
| |
0 B
42/70
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The gateways

¢ |
m Only two atoms leak into the interior: " |
n*+1 1,
u:']rg*_i_l’ V:Tff*. . Ky | 11 (N—n*)\
o @&
w v
| |
m Given (u, v), the interior and all other ! ®
atoms are determined. } }
I L ]
| |
0 B
42/70
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Proof, part 1: positive boundary data, positive interior

m Fix gateway data (u, v) > 0, not both zero.
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Proof, part 1: positive boundary data, positive interior

m Fix gateway data (u, v) > 0, not both zero.

m Solve the interior system f'R = fQ, with each mode’s condition at its inflow end.
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Proof, part 1: positive boundary data, positive interior

m Fix gateway data (u, v) > 0, not both zero.
m Solve the interior system f'R = fQ, with each mode’s condition at its inflow end.

m The solution is positive on (0, B): a maximum principle, which again rests on
reversibility.
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Proof, part 1: positive boundary data, positive interior

m Fix gateway data (u, v) > 0, not both zero.
m Solve the interior system f'R = fQ, with each mode’s condition at its inflow end.

m The solution is positive on (0, B): a maximum principle, which again rests on
reversibility.

Positive boundary data = positive interior.
It remains to find the boundary data.

Andres Ferragut, Universidad ORT Uruguay TU/Eindhoven — November 2026 43/70



Proof, part 2: the gateways

m Feeding the interior back to the boundaries: (v/,v) = T(u, v), with Ta 2 x 2
matrix, T > 0 by part 1.

m A stationary law needs a fixed point: T(u, v) = (u, v).
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Proof, part 2: the gateways

m Feeding the interior back to the boundaries: (v/,v) = T(u, v), with Ta 2 x 2
matrix, T > 0 by part 1.

m A stationary law needs a fixed point: T(u, v) = (u, v).

m Flow conservation: what leaves the boundaries through the gateways comes back.
Testing the balance equations with ¢) = 1:

wT=w, w= (up, (N—n")A) >o0.
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Proof, part 2: the gateways

m Feeding the interior back to the boundaries: (v/,v) = T(u, v), with Ta 2 x 2
matrix, T > 0 by part 1.

m A stationary law needs a fixed point: T(u, v) = (u, v).

m Flow conservation: what leaves the boundaries through the gateways comes back.
Testing the balance equations with ¢) = 1:

wT=w, w= (up, (N—n")A) >o0.

m Perron-Frobenius: a positive left eigenvector with eigenvalue 1 makes 1 the spectral
radius of T, simple, with a positive right eigenvector (u, v), unique up to scale.
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Proof, part 2: the other atoms

m With the gateways known, the remaining atoms solve a birth—death recursion on
each side:

m at x = B,on {0,...,n*}, starting from v;
m at x =0,0on {n* +1,..., N}, starting from w.
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Proof, part 2: the other atoms

m With the gateways known, the remaining atoms solve a birth—death recursion on
each side:
m at x = B,on {0,...,n*}, starting from v;
m at x =0,0on {n* +1,..., N}, starting from w.

m The inputs from the interior are positive, so every atom is positive.
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Proof, part 2: the other atoms

m With the gateways known, the remaining atoms solve a birth—death recursion on
each side:

m at x = B,on {0,...,n*}, starting from v;
m at x =0,0on {n* +1,..., N}, starting from w.

m The inputs from the interior are positive, so every atom is positive.

m Normalise. Uniqueness comes from the simplicity of the Perron eigenvalue. g
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Work in progress: feedback fluid queues

m We are exploring the connection with feedback fluid queues [Mandjes et al., 2003],
where the sources’ rates depend on the buffer.
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Work in progress: feedback fluid queues

m We are exploring the connection with feedback fluid queues [Mandjes et al., 2003],
where the sources’ rates depend on the buffer.

m There, excursions away from the empty buffer are unaffected by the feedback.
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Work in progress: feedback fluid queues

m We are exploring the connection with feedback fluid queues [Mandjes et al., 2003],
where the sources’ rates depend on the buffer.

m There, excursions away from the empty buffer are unaffected by the feedback.

m If this carries over, the whole effect of the throttle reduces to one number: the mass
at the empty bucket.
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The two costs

Throttling Waste

Pthr:ZW?, W:Z(P_”C)ﬂ'g

n>n*

fraction of time the fleet is held to p. refill discarded at the cap.
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Scale the plan with the fleet:

p=Np,  B=Nb.



Fluid scaling

Scale the plan with the fleet:

p=Np, B=Nb.

Fluid variables:

t 3
n(t) = n}(v) (fraction of agents active), x(t) = x}(v) (tokens left, per agent).
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m Interior, 0 < x < b:



The fluid equations

m Interior,0 < X < b:

m Full bucket, ¥ = band ¢ < p: X = 0, and 7 as in the interior.
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The fluid equations

m Interior,0 < X < b:

n=A1-n)—vn, X=p—ch.

m Full bucket, ¥ = band ¢ < p: X = 0, and 7 as in the interior.

m Empty bucket, x = 0 and ¢ > p: x = 0, and the fleet is throttled:

n=XA1-n)— up.

The fleet burns exactly the refill p, and a task needs 1/ tokens on average.
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Convergence
Work in progress

m Expected: (n(t)/N, x(t)/N) — (n(t), x(t)) on compact time intervals, as N — occ.
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Convergence
Work in progress

m Expected: (n(t)/N, x(t)/N) — (n(t), x(t)) on compact time intervals, as N — occ.

m In the interior, a density-dependent jump process [Kurtz, 1970; Ethier and Kurtz,
1986].
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Convergence
Work in progress

m Expected: (n(t)/N, x(t)/N) — (n(t), x(t)) on compact time intervals, as N — occ.

m In the interior, a density-dependent jump process [Kurtz, 1970; Ethier and Kurtz,
1986].

m At the boundaries the vector field is discontinuous: the limit slides along them.
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Convergence
Work in progress

m Expected: (n(t)/N, x(t)/N) — (n(t), x(t)) on compact time intervals, as N — occ.

m In the interior, a density-dependent jump process [Kurtz, 1970; Ethier and Kurtz,
1986].

m At the boundaries the vector field is discontinuous: the limit slides along them.

No formal proof yet; it should follow from standard arguments for density-dependent
processes in the Kurtz setting.
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Phase portrait: over-provisioned

Over-provisioned, p > ¢p

m The fleet relaxes to p; the bucket fills.

m Equilibrium: bucket full, n = p. No
throttling.

m Refill wasted at rate N(p — cp): of
order N.

active fraction n

X okl

b,
(b:7) Green edge: full bucket. Red edge: empty bucket,

fleet throttled. A\ =1, v =3,c= 1.

tokens left x
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Phase portrait: under-provisioned

Under-provisioned, p < cp

m The bucket drains and the fleet is
throttled.

m The flow slides along the empty
nr ( boundary...

Tslides // ® ...to an equilibrium nr above p, with
p the bucket empty.
% Green edge: full bucket. Red edge: empty bucket,
fleet throttled. A =1,v =3,c=1.

active fraction n
=
3

tokens left x
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Under-provisioning: the fleet piles up

The flow slides along the empty boundary to an equilibrium that sits above p:
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Under-provisioning: the fleet piles up

The flow slides along the empty boundary to an equilibrium that sits above p:

m It stays throttled, cnt > p, exactly when p < cp.
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Under-provisioning: the fleet piles up

The flow slides along the empty boundary to an equilibrium that sits above p:

m It stays throttled, cnt > p, exactly when p < cp.

m All the refill is burnt, none is wasted.
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Under-provisioning: the fleet piles up

The flow slides along the empty boundary to an equilibrium that sits above p:

m It stays throttled, cnt > p, exactly when p < cp.
m All the refill is burnt, none is wasted.

m Stalled tasks keep more agents busy at once: tasks last cnr/p > 1 times longer.
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Under-provisioning: the fleet piles up

The flow slides along the empty boundary to an equilibrium that sits above p:

m It stays throttled, cnt > p, exactly when p < cp.

m All the refill is burnt, none is wasted.

m Stalled tasks keep more agents busy at once: tasks last cnr/p > 1 times longer.
m The fleet relaxes at rate \ instead of .
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What the fluid limit tells us

m Over-provisioned: the bucket ends full, waste of order N.

m Under-provisioned: the bucket ends empty, and the fleet piles up.
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What the fluid limit tells us

m Over-provisioned: the bucket ends full, waste of order N.
m Under-provisioned: the bucket ends empty, and the fleet piles up.

m Balanced, p = cp: at n = p, x = 0, so every level x € [0, b] is an equilibrium.
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What the fluid limit tells us

m Over-provisioned: the bucket ends full, waste of order N.
m Under-provisioned: the bucket ends empty, and the fleet piles up.

m Balanced, p = cp: at n = p, x = 0, so every level x € [0, b] is an equilibrium.

At the fluid scale the quota does not matter, and the balanced plan is degenerate.
The fluctuations decide: zoom in by Vv/N.
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How should the plan scale with the fleet?

m The mean burn cNp grows like N.

m The fleet fluctuates around Np by on := \/Np(1 — p), which grows like v/N.

Andres Ferragut, Universidad ORT Uruguay TU/Eindhoven — November 2026 57/70



How should the plan scale with the fleet?

m The mean burn c¢cNp grows like N.

m The fleet fluctuates around Np by oy := 1/Np(1 — p), which grows like v/N.

Is a refill margin of order V/N above the mean enough,
with a quota that is also of order VN?
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Diffusion scaling
Work in progress

Set the refill and the quota on the scale of the fluctuations:

p=cNp+ [con, B=bcon.
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Diffusion scaling
Work in progress

Set the refill and the quota on the scale of the fluctuations:

p=cNp+ [con, B=bcon.

Scale the fleet and the tokens left:
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Diffusion scaling
Work in progress

Set the refill and the quota on the scale of the fluctuations:

p=cNp+ [con, B=bcon.

Scale the fleet and the tokens left:

— N
e=""" =% o
ON CON

m Inside (0, B), exactly: % =p-¢

m The fleet alone obeys a CLT: £ = Ornstein-Uhlenbeck, d§é = —v & dt + /2y dW.
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The candidate limit
Work in progress

A two-dimensional process (X, €) on [0, b] x R:

m Interior:  dx = (8 — &) dt, d¢ = —y&dt+ /2y dW.
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The candidate limit
Work in progress

A two-dimensional process (X, €) on [0, b] x R:
m Interior: dx = (6 — &) dt, dé = —~v&dt + /2y dW.

m Full bucket, x = b: held there while £ < §; the fleet is unaffected.
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The candidate limit
Work in progress

A two-dimensional process (X, &) on [0, b] x R:
m Interior: dx = (6 — &) dt, dé = —~v&dt + /2y dW.
m Full bucket, x = b: held there while £ < §; the fleet is unaffected.

m Empty bucket, x = 0: held there while £ > (3, and the fleet is throttled:

dé = —(ANE+vpB)dt+ /2y dW.
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The candidate limit
Work in progress

A two-dimensional process (X, &) on [0, b] x R:
m Interior: dx = (6 — &) dt, dé = —~v&dt + /2y dW.
m Full bucket, x = b: held there while £ < §; the fleet is unaffected.

m Empty bucket, x = 0: held there while £ > (3, and the fleet is throttled:

dé = —(ANE+vpB)dt+ /2y dW.

Derived formally from the generator; convergence is not yet proved.
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Reading the limit

m The quota integrates an Ornstein—Uhlenbeck process: it is not itself a reflected
diffusion.

m At the empty bucket the throttle switches the drift of the fleet.
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Reading the limit

m The quota integrates an Ornstein—Uhlenbeck process: it is not itself a reflected
diffusion.

m At the empty bucket the throttle switches the drift of the fleet.
m The fleet size disappears. What remains:
m the refill margin j;

m the quota b, in units of coy;
m the agents’ own rates A, v.
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If the limit is right
Work in progress

Let P(f3, b) be the fraction of time the limit process spends at the empty bucket x = 0.
Then
Py — P(Bab)€(0?1)7 N — oc.
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If the limit is right
Work in progress

Let P(f3, b) be the fraction of time the limit process spends at the empty bucket x = 0.
Then
Py — P(ﬁab)€(0?1)7 N — oc.

m Throttling stays at a positive level, set by the margin 5 and the quota b, and not by
N.
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If the limit is right
Work in progress

Let P(f3, b) be the fraction of time the limit process spends at the empty bucket x = 0.
Then
Py — P(ﬁab)€(0?1)7 N — oc.

m Throttling stays at a positive level, set by the margin 5 and the quota b, and not by
N.

m The quota is always of order v/N: B= bcoy.
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If the limit is right
Work in progress

Let P(f3, b) be the fraction of time the limit process spends at the empty bucket x = 0.
Then
Py — P(ﬁab)€(0?1)7 N — oc.

m Throttling stays at a positive level, set by the margin 5 and the quota b, and not by
N.

m The quota is always of order v/N: B= bcoy.

m Relative to the mean burn, both the margin and the quota vanish like 1/v/N.
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Square-root staffing, for tokens

many servers [Halfin and Whitt, 1981] | agent fleet
mean demand | offered load R mean burn ¢cNp
fluctuations VR con x VN
provisioning s = R+ VR servers p=cNp+ Bcoy refill
buffer — quota B=bcoy
limit P(wait) — a(f) € (0,1) Pue — P(B8, ) € (0,1)
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Square-root staffing, for tokens

many servers [Halfin and Whitt, 1981]

agent fleet

mean demand
fluctuations
provisioning
buffer

limit

offered load R
VR
s=R+ B\/ﬁ servers

P(wait) = () € (0,1)

mean burn ¢cNp

coy x VN
p=cNp+ Bcoy refill
quota B=bcoy

Pae — P(B,b) € (0,1)

m The same quality-and-efficiency-driven regime: congestion neither vanishes nor

dominates.
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Square-root staffing, for tokens

many servers [Halfin and Whitt, 1981]

agent fleet

mean demand
fluctuations
provisioning
buffer

limit

offered load R
VR
s=R+ B\/ﬁ servers

P(wait) = () € (0,1)

mean burn ¢cNp

coy x VN
p=cNp+ Bcoy refill
quota B=bcoy

Pae — P(B,b) € (0,1)

m The same quality-and-efficiency-driven regime: congestion neither vanishes nor

dominates.

m New here: a second knob, the quota, also on the v/N scale.
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The scaling, numerically

—— N =10 —@— N = 40 —— N = 160 —— N = 640

107 [ : :

10—4 [

P(throttled)

1077 [

T

|

T

|

T T ]

| | |

1.5

2

2.5 3.5

w

scaled depth B/(con)

Andres Ferragut, Universidad ORT Uruguay

TU/Eindhoven — November 2026

® Margin fixed at 5 = 1; quota in
units of con.

m As N grows from 10 to 640, the
curves settle: throttling depends
on b, not on N.

Balance equations on a grid in x, checked

against simulation. A\ =1, v =3,c=1.
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The message

Overprovision the refill by order v/N above the mean burn,
and a quota of order V/N suffices.
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Messages from the talk

A token quota shared by a fleet of agents is a flow-level token bucket: a PDMP with
state (active agents, tokens left).

m The empty bucket throttles the fleet: a feedback fluid queue.

m Real spectrum from reversibility.

m Existence, uniqueness and positivity from a 2 x 2 Perron-Frobenius argument.
m Fluid limit: full or empty; under-provisioning piles up the fleet above p.

m Square-root provisioning (work in progress): a refill margin of order v/N above the
mean burn, and a quota of order VN suffices.
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Future work

Heavy-tailed token demands: tasks are far from exponential.

Heterogeneous agents, with different burn rates.

Congestion: crowded fleets may become less efficient, and burn more tokens per
task.

A proof of the diffusion limit, and of the throttle decomposition.
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Thank you!

Andres Ferragut
ferragut@ort.edu.uy
https://aferragu.github.io
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