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Abstract

In this paper, we analyze the optimal management of local memory systems, using the tools
of stationary point processes. We provide a rigorous setting of the problem, building upon recent
work, and characterize the optimal causal policy that maximizes the hit probability. We specialize
the result for the case of renewal request processes and derive a suitable large scale limit as the
catalog size N — oo, when a fixed fraction c of items can be stored. We prove that in the limiting
regime, the optimal policy amounts to comparing the stochastic intensity (observed hazard rate)
of the process with a fixed threshold, defined by a quantile of an appropriate limit distribution, and
derive asymptotic performance metrics, as well as sharp estimates for the pre-limit case. Moreover,
we establish a connection with optimal timer based policies for the case of monotonic hazard rates.
We also present detailed validation examples of our results, including some close form expressions
for the miss probability that are compared to simulations. We also use these examples to exhibit
the significant superiority of the optimal policy for the case of regular traffic patterns.

1 Introduction

In modern computing systems, a crucial component for improving performance at several layers is the
use of a local memory, typically referred to as a cache. The rationale is that storing frequently used
items at a readily available location can improve latency, reducing the cost of retrieval from a more
remote location. This strategy is pervasive in computing systems, from local caching of instructions at
the processor level, texture caching in graphics processing units, disk caching for quickly retrieving data
from hard disks, content caching in web applications, geographically distributed caching in content
delivery networks and cloud storage gateways keeping readily available items stored in the cloud data
centers.

A local memory consists of a certain amount of memory space that may store a subset of items
locally and temporarily; the goal is to appropriately choose from a large catalog, the subset of items
more likely to be requested next. All the aforementioned applications can be subsumed into this basic
structure. For simplicity, we will assume that items are of homogeneous size, and thus the space
constraint is reflected in the number of items C' which may be locally stored, from the catalog of size
N> C.
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Classical analyses of local memory systems have focused on modeling the (discrete time) sequence
of item requests. Based on this empirical sequence, the system must determine which items are stored,
and which must be evicted from memory to make room for others. In a stationary regime, one natural
strategy would be to store at all times the C items with the highest popularity, measured by their mean
intensity of requests; this simple static policy requires, however, popularities to be known. A practical
approximation is the Least-Frequently-Used (LFU) eviction policy: here, item request intensities are
dynamically estimated from the arrival sequence, and the least popular are evicted. Under mild
assumptions on stationary arrivals, LF'U will eventually converge to the static policy.

A popular alternative is the Least-Recently-Used (LRU) policy, which keeps in memory the C
most recently requested items. Upon receiving a request, it will store the item if not already present,
and in that case evict the oldest item in the sequence of requests. This method is better suited to
handle highly correlated demands, where a requested item is more likely to be fetched again, i.e.
bursty request patterns. Smoother variants have also been analyzed, and also combinations of both
approaches such as LFRU (cf. Bilal and Kang (2017)) have been proposed. We review the relevant
literature below.

A main drawback of the classical analysis is that relevant (continuous) time information is ne-
glected: by focusing only on the sequence of requests, the models ignore inter-request times that are
important characteristics of the request processes. An alternative approach that gives time the center
stage, are timer-based (TTL) caching policies; here, items are stored upon request, and evicted only
after a certain amount of time has elapsed since their last appearance in the request stream. This
is a common approach in Internet-based systems such as Domain Name System queries and Web
applications.

A crucial step towards incorporating time information is the seminal paper [Fofack et al. (2014),
where the incoming request stream is assumed to be a stationary point process on the real line. The
mean intensities of the underlying request processes for each item capture their relative popularity,
while by modeling the inter-request times we can express different types of behavior: for instance,
heavy-tailed inter-request times are well-adapted to bursty arrival patterns. This approach has led
to new insights in the analysis of both replacement and timer-based caching policies, which we also
review below.

Within this modeling framework, a natural question to ask is: what is the optimal memory man-
agement policy? By this we mean the one that maximizes the hit rate, the frequency of successful
retrievals from local memory. In|Ferragut et al. (2016, 2018), the optimality question for TTL caching
policies was investigated; in particular, it was shown that if requests form a renewal process, optimal-
ity may be characterized by the hazard rate function of the inter-arrival distribution. More recently
Panigrahy et al. (2022) address optimality in replacement policies, characterizing it for general point
processes in terms of the stochastic intensity, a notion applicable beyond the renewal case.

In this paper we develop the latter connection more extensively, bringing to bear the machinery of
stationary point processes as in [Brémaud (2020) to formally characterize causal memory management
policies and the condition for optimality. Subsequently, our aim is to understand the large-scale
behavior of the optimal replacement policy for large N, under some natural assumptions: namely, that
inter-arrival times for different items are drawn from a scale family, parametrized by a distribution
of intensities which has an asymptotic limit. We characterize the optimal memory management as a
threshold policy on observed stochastic intensities, and prove the threshold has a deterministic limit.
We also obtain a closed expression for the optimal performance in the large-scale limit, as a function of
the fundamental parameters of the scale family and the popularity distribution. We further investigate
the properties of threshold policies before the asymptotic limit, showing that under monotonicity of
the process hazard rate function, they become equivalent to timer-based policies, This also yields as a
result the convergence of the two types of policies (replacement or TTL) to a common optimum in the



asymptotic limit. Our results are illustrated by a series of parametric examples, and their properties
are further exhibited through stochastic simulations.

1.1 Related work

Being essential to modern computing systems, the performance analysis of caching and local memory
management has a long history. The seminal work on replacement based algorithms with a fixed
memory size started in [King (1971), |Gelenbe (1973). Despite its apparent simplicity, the analysis
of replacement policies is complex even for a single cache: in King (1971), the author gives an ex-
plicit expression of the hit probability of the LRU policy, with exponential complexity. In |Gelenbe
(1973), it is shown that under the so-called independent reference model (IRM) assumption, where the
requests are independent and identically distributed, similar replacement policies such as first-in-first-
out achieve the same hit probability. Exact computation is however intractable, |Dan and Towsley
(1990) provides an approximate computational procedure. Their method has been further extended
in [Rosensweig et all (2010) to the case of networks of cache systems. Also in|Gast and Houdt (2015),
another approach is given for list-based replacement policies.

A related line of work that includes replacement policies are analyses based on the “Move-To-Front”
rule, which is equivalent to LRU. A first step in this direction is|Fill (1996), which addresses the limit
cost of the Move-to-Front rule. By exploiting the connection between MTF and LRU, \Jelenkovid
(1999), Jelenkovi¢ and Radovanovid (2008) provide asymptotic expressions for the hit probability un-
der the IRM assumption and Zipf popularities with parameter 5. With a fundamentally different
approach, based on Laplace transforms, the same limit result is obtained in |Barrera and Fontbona
(2010). Our asymptotic limit assumptions are related to this latter approach. Few results on replace-
ment policies move beyond the IRM assumptions, such as lJelenkovi¢ and Radovanovid (2003, 2004),
Jelenkovié¢ et al! (2006) where the authors show some insensitivity properties of LRU in a large scale
regime and dependent requests. However, their approach is only valid for light-tailed popularities,
and is related to our result below on optimal performance for the non-uniformly integrable popularity
limit. Extensions to a network of caches working cooperatively to optimize performance are proposed
in Borst et al) (2010), Ioannidis et all (2010), Ioannidis and Yeh (2016).

Since exact analysis of LRU is difficult, the most popular technique for approximating its perfor-
mance is the so-called “Che approximation”, introduced in [Che et al. (2002) for Web caches. The
crucial point is to define a characteristic time representing the average permanence time common to
all files. This assumption is valid in a large scale regime, and in [Fricker et all (2012), the authors
perform second order analysis to explain why this is a good approximation.

On the other hand, the analysis of policies based on timers is more recent, associated with the
growth of Internet caches. A first contribution in this line islJung et all (2003), with expressions for the
steady state hit probabilities for web pages, later extended in [Bahat and Makowski (2005) to include
update delay. However, a crucial contribution is the introduction of point process theory to capture
request correlations, and in particular move beyond the sequence of requests to a continuous time model
with general arrival processes. The foundations for this approach were laid down in|Fofack et all (2012,
2014). In Berger et al. (2014) the analysis is extended to a family of TTL policies with the focus of
approximating LRU performance in linear and tree networks, and a different policy is proposed in
Berger et al.! (2015) with the aim of maximizing hit ratios by variance reduction. In [Bianchi et al.
(2013) the Che approximation is analyzed in a more general setting and in [Martina et all (2014), it
is extended, using TTL cache tools, to renewal arrivals, showing good accuracy in the case of small
caches and Zipf popularities, making the connection between replacement and timer based policies.
The fact that timer based policies decouple the analysis over independent request streams has led to
more amenable generalizations to the case of cache networks [Panigrahy et all (2017), [Dehghan et al.



(2019), [Panigrahy et al. (2020).

The search for optimal policies has received more recent attention. InFerragut et all (2016, 2018),
the authors formulate the problem of characterizing the optimal timer based policy, and introduced
the connection with the hazard rate function of the inter-request times. Using tools from convex
optimization, the authors show that decreasing hazard rates lead to a non-trivial policy that achieves
optimality, and characterize its large scale behavior. However, more regular traffic with increasing
hazard rates do not benefit from caching at all. Later, in [Panigrahy et all (2022), the authors consider
fixed memory system (i.e. replacement based policies) and incorporate the notion of stochastic inten-
sity of point processes. This notion is a generalization of the hazard rate, and allows to characterize the
optimal causal policy, i.e. one that does not make use of future arrival information. In[Ferragut et al.
(2024), a generalization of timer-based policies to consider pre-fetching was introduced, leading to a
non-trivial optimal policy for increasing hazard rates. In this paper, we build upon these works to
establish a rigorous connection between the optimal causal policy, and its asymptotic limit, with the
timer policies, and in particular we show that they become equivalent in a large scale limit.

1.2 Main contributions

We now summarize the main contributions of the paper. Our first result is to establish a rigorous
characterization of causal policies applied to the local memory or caching problem, in the language
of point processes in the real line. Under this characterization, we identify the optimal causal policy,
which will depend on the stochastic intensities of the underlying request processes.

The main result of the paper is to prove that, under some suitable additional assumptions, the
optimal policy converges to a threshold policy, under a fluid scaling appropriate for large systems.
This fixed threshold value is used to decide whether an item should be stored. Armed with this result,
we characterize the limit of the optimal miss rate in large scale systems, through a tractable formula.
Therefore, we provide a universal asymptotic bound on performance for any practical policy.

A third contribution is based on further studying the behavior of threshold policies: under suitable
monotonicity assumptions of the hazard rate function of the inter-request times, it can be shown that
previously analyzed timer based policies are in fact threshold policies, and in particular the optimal
timer policy for decreasing hazard rates identified in [Ferragut et al. (2018) achieves the universal
bound.

As a final contribution, we propose a dual policy of the timer-based caching policy dubbed timer-
based prefetching, which is also asymptotically optimal in the case of increasing hazard rates. Through
analysis and simulations we show that indeed this policy can greatly outperform classical caching
policies in this context.

1.3 Organization of the paper

The paper is organized as follows: in Section 2] we lay out the main tools of point processes and
stochastic intensities required to analyze our system. We then define our local memory model, establish
the framework for causal policies and characterize the optimal policy in Section Bl Our main Theorem
describing the large scale limit is presented in Section ] and the ensuing universal performance bound
is presented in Section Bl In Section [6l we describe the connection between the optimal policy and
timer-based policies. Simulations and examples are presented in Section [ and conclusions are given
in Section [§



2 Preliminaries and notation

Throughout this paper, we will consider stationary point processes defined on a common probability
space (€, F, P). We recall now some basic concepts that will be useful in the following and introduce
our notation; we refer the reader to Brémaud (2020) for a thorough treatment.

A simple and locally finite point process ® on the real line is a random and strictly increasing
sequence of points ® = {7} }rez satisfying limy_, 1o 7% = +00. More formally, ® can be cast as a
random counting measure, i.e. ® = >, 6, , a measurable map from (Q,F) — (M#(R), M#(R)).
Here M#(R) is the space of locally finite measures on R taking values in NU {oco}, and M7 (R) is the
smallest o-algebra such that, for all Borel sets B € B(R), ®(B) =, 1, cp) is measurable. ®(B) is
assumed to be finite for bounded B, and is thus a non-negative integer valued random variable. By
definition, all points 74 are different and thus ®({z}) < 1 P-a.s. for all z € R. In order to label the
points, we follow the usual convention Brémaud (2020) where 79(®) < 0 and 71(®) > 0. With this
convention 79 = 7o(®) represents the first point before the time origin of the process 3l

Let S¢(®) denote the shift operator for measures in R, i.e. Sy(®)(B) = ®(B+t). The point process
® is stationary if S¢(®) has the same distribution as ® for all ¢ € R. The mean measure of the point
process is A\(B) := E[®(B)]. If the process is stationary, then this measure is translation-invariant,
and thus a multiple of the Lebesgue measure on R, i.e. A(B) = Am(B). The constant A is called the
(average) intensity of the stationary point process. In what follows we assume A > 0 to avoid the
trivial case where the process has no points.

For a simple stationary point process ®, an important measure is the Palm probability P(g. This
is a probability measure defined in (€2, F) that captures the stochastic behavior of the point process
when the observer is synchronized with it. In particular PC% (1o =0) =1, i.e. thereis PC% a.s. a point
at the origin. We refer the reader to Brémaud (2020) for a formal definition.

The key relationship between the Palm probability and the stationary probability is the following
inversion formula valid for any non-negative real valued measurable function f : M#(R) — R,:

Blr(e) =k | [ so)al M)

That is, in order to know the average value of a property in the stationary measure, we can integrate
over one cycle of the process using the Palm measure and scale by .

The inter-arrival distribution of the point process ® is defined as Fy(t) := PY(r1 — 79 < t) =
PY(71 < t). Since the process is simple, Fy has support in R. Moreover, E%[r] = 1/), which follows
from taking f =1 in ().

A second important distribution is the age distribution, which is the age of the current interval
when the process is observed at a point ¢ not synchronized with it. Since the process is stationary, we
can take without loss of generality ¢ = 0 and thus the age distribution is just:

F(t) == P(~7y < t) = )\/Ot(l — Fy(s))ds, 2)

a result that also follows from () with f(®) = 1, (#)>—¢- Note that these distributions are different
in general, due to the bias towards larger intervals when sampling in steady state. A depiction of this
sampling effect is shown in Figure [

'Note that 79 is a proper random variable since {79 < t} = {®((¢,0]) = 0} and thus measurable for all ¢ < 0. Similarly,
any point 7% is a random variable.



Figure 1: Inter-arrival and age distribution of a stationary point process.

2.1 Stochastic intensity

We now introduce the concept of stochastic intensity Brémaud (2020) which is crucial for the analysis
in this paper. First we need the following definition:

Definition 1. A filtration {F;}iecr in (Q,F) (i-e. an increasing family of o-algebras contained in F)
is a history of the simple locally finite point process ® if ®((a,b]) is Fi-measurable for all a < b < t.
The natural history of ® is F; = o (®((a,b]) : a < b < t) the smallest filtration satisfying this property.

We define the stochastic intensity of a process for a given history (Brémaud 2020, Definition 5.1.1).

Definition 2. Let ® be a simple locally finite point process and F; a history of ®. If there exists a
locally integrable Fy-adapted process A(t) = 0 satisfying:

B[®((s,8]) | F,] = F UstA(u)du

fs} | 3)

then A(t) is called an F;—stochastic intensity of ®.

The process A\(t) acts as the local likelihood of a point appearing at time ¢ given past information.
This notion will play a key role in our particular application. Also, directly from the definition, one
can prove that E[A(¢)] = E[A(0)] = A, the average intensity of the process.

As an example, the stationary Poisson process of intensity A satisfies [B]) with A(¢) = A, a deter-
ministic constant, and thus the likelihood of a point appearing in time is independent of the past,
reflecting the total randomness property of the Poisson process.

We now highlight some key properties of the stochastic intensity that will be useful for our later
analysis. The first one is related to predictability, for this we need the following;:

Definition 3. Let {F;}ier be a filtration on (2, F). The predictable o—algebra P(F.) associated to
Fi is the o—algebra on R x € generated by the sets of the form:

(a,b] x A, a <b, A€ F,.

A stochastic process X (t,w) taking values on a measurable space (E, E) is Fi-predictable if the mapping
(t,w) — X(t,w) is P(F.)-measurable.

In particular, any real-valued and left-continuous stochastic process adapted to F; is Fz-predictable
(Brémaud 2020, Example 5.1.9). Moreover, the stochastic intensity of a point process @, if it exists,
can always be chosen to be a.s. predictable, up to a set of Lebesgue measure 0, and thus is essentially
unique (Brémaud 2020, Theorem 5.1.38).

The following result from [Brémaud (2020)@ provides a smoothing formula for predictable processes,
based on the stochastic intensity:

2This is essentially (Brémaud 2020, Theorem 5.11); in fact, this reference provides a slightly stronger version of the
converse, where condition (@) need only be checked for adapted, left continuous Z(t).



Theorem. Let ® be a simple point process in R with history Fi, and \(t) an Fi-adapted and a.s.
integrable process. Then: A(t) is an Fi-stochastic intensity of ® if and only if

E [ / Z(t)@(dt)} —E [ / Z(t)/\(t)dt] (4)
holds for all F-predictable processes Z(t).

2.2 Renewal point processes

As an important special case, consider now that ® is a stationary renewal process, meaning that the
inter-request time sequence {7y11 — Tk }rez are P% independent and identically distributed random
variables, with common distribution F. We assume that Fj has a density fy and recall the definition
of the failure rate or hazard rate function associated to Fy:

fo(?)
t) = ————F~.
Then if F; is the natural history of the process, the stochastic intensity of @ is given by (Daley and Vere-Jones
2003, Chapter 7):

At) =n(t —7(t)), (6)

where 77 (t) = sup{7x : 7 < t} is the last point before ¢. Note that 77 (¢) is a left continuous process.

In particular, due to the renewal property, the local intensity of the process depends only on the
age of the current interval and the hazard rate function of the inter-arrival distribution.

When Fj is the exponential distribution as in the Poisson process, n(t) = A so the stochastic
intensity is constant as previously stated. An interesting parametric example is presented below in
23] which we will use throughout the paper to illustrate the results.

For the purposes of our analysis, an important random variable is the stochastic intensity observed
when sampling the renewal process at a fixed time, for convenience chosen to be t = 0. We call it the
observed hazard rate (OHR), and denote it by X := A(0) = n(—77(0)).

To find the distribution of the OHR, there are two underlying probability measures to consider,
depending on whether the time under consideration is synchronized with process arrivals.

If time t = 0 is not synchronized with arrivals, then 77 (0) = 79 and the distribution is:

Glx) = P(X < 2) = P(n(—70) < 2) = P (—1 € 571((0,2])) = /1([0 R, (7)
n s

since —7p ~ F, the age distribution. We note that the set n~1([0, z]) will be an interval if the hazard
rates are monotone.

If, instead, we are evaluating the OHR at an arrival time, we must use the Palm probability Pg,
for which 70 = 0 a.s., and 77 (79) = 77 (0) = 7—1. Therefore: X = n(—7_1), and its distribution is
given by:

Go(z) :=PY(X <2) =PY(n(—7_1) <) = / (0] Fy(dt), (8)
n=1([0,z
since —7_1 ~ Fy under the Palm probability. A basic inequality for this distribution follows from the
definition of the hazard rate:

X

Go() = / oy PO = /{ oy, MO0 = Rt < =Ryt = 2~ m] - —.( |
9

>



Figure 2: Stochastic intensity of a renewal Pareto process, showing decreasing hazard rates.

2.3 Pareto inter-arrival times.

An interesting parametric example of a stationary renewal processes, considered in [Ferragut et al.
(2016) for the same application, is when inter-arrival times follow a heavy-tailed Pareto distribution.
In this case, all the above magnitudes have explicit expressions, that we now compute.

Example 1 (Renewal Pareto process). In the above setting, choose

A =1 (35) b= (20 (10)

Thus, Fy is a Pareto distribution (starting at 0) with tail parameter o > 1. The number v acts as a
scale parameter and by direct computation, in order to have E91> [11] = 1/, it should be chosen such
that v = -2

a—1"

From equations (2)) and (&) we can compute:

a—1
Fo=1- (1) 0= o (1)

For this example, note that the hazard rate function is decreasing for any choice of the parameters.
Therefore, at an arrival time 75, the stochastic intensity increases (the hazard rate resets to n(0)
following (6))), and a subsequent arrival becomes more likely. This gives rise to bursty traffic as
depicted in Figure 2

For this process we can also compute the distributions of the observed hazard rate, at non-
synchronized or synchronized times:

G(m):/noo F(dt):/:le(dt): (&) os<e<an (12)

=) Ty 1 x> ary.

o0 [e] X @ 0 < g ,
n=1(x) a1 1 T > ay.

Ty
In Figure Bl we depict the distributions Fy, F', G and Gg, as well as the hazard-rate function 7,

for the case a = 2, v = 1 (with average intensity A = 1). In this particular case the non-synchronized
OHR distribution is uniform in [0, 2].



Figure 3: Distribution shapes for the Pareto renewal example with o = 2,y = 1, and therefore
A=1.

3 Local memory systems and optimal storage policy

We start by rigorously defining our model for a local memory system. Requests from a catalog of N
(equally sized) items are received. We model item requests by independent stationary stochastic point
processes ®;, i = 1,..., N, defined on a common probability space and with finite intensity A; > 0; a
measure of the popularity of item i. By appropriate labelling we can choose A1 > Ay > ..., i.e. the
objects are ordered by decreasing popularities.

The complete request process is thus the superposition ¢ := Zf\i 1 ®;, and its intensity is AV =
ZZ'A;1 A;. Let P% denote the Palm probability of the superposition, and P%Z_ the Palm probability
of the i—th process. Then, for the superposition of independent processes, we have (Brémaud 2020,

Examples 7.2.8 and 7.2.11):
N

i
Ph(4) =) 2opd (), (14)
i=1
for any A € F. Moreover, if {T';} C M#(R), then

PG (1 €Ty,..., oy €Ty) =Py, (& e Ty [[P(®; €Ty). (14b)
J#i

The interpretation of eqs. (I4) is the following: given a point in ® occurring at time 0, \;/AY is the
probability that this point comes from process . Then, in order to compute Palm probabilities given
that the point comes from process ¢, we must use the Palm probability for process ¢ and the stationary
probability for any other j # i, and the processes remain independent.

The local memory is limited, and thus can only keep readily available a subset of size C < N
of the items. These items can, upon request, be served from the local memory with lower cost than
retrieving them from a central repository. This formulation is quite general, and subsumes the typical
notion of caching, useful in many applicationsﬁ Mathematically, the local memory can keep, at any

3We specifically avoid using the term cache for our system, because in caching normally only the recently requested
objects are stored, and our model aims to generalize these policies.



point in time, a subset:
C(t) = {i1,....ixt C {1,...,N}, with0 < k < C.

We call this process the storage process of the system. For a given storage process, we can define the
hit counting process of the local memory system as:

N
ve() =3 /B e @i(de), (15)

i.e. the thinned process that counts the requests of objects only if they are stored in memory at
request time. The mean intensity he of the process We is called the hit rate, and accordingly satisfies
he < AV,

The natural objective in this setting is to maximize h¢, i.e. the rate at which requests can be served
directly from the local memory, by choosing an appropriate policy that defines the storage process C(t).
However, this policy should be causal, i.e. it cannot make use of future information. Otherwise, the
policy that only stores the next arriving item achieves maximum rate using only one unit of memory
for any IV, and the problem is trivial. This is where the predictability notion introduced in Section
2.1 becomes important.

Let us denote by .Ft(z) the natural history of the i-th request process ®;, and \;(t) its stochastic

intensity with respect to ]:t(i). Define /; = o (]:t(i); i=1,...,N ) the aggregated history. Then, due

to independence, we have the following property:

Lemma 1. If ® = ). ®; is the superposition process, then F; is a history of ®. Furthermore, the
total stochastic intensity of ® is simply \(t) = Zf\il Ai(t). Moreover, A\i(t) is a stochastic intensity
for process i with respect to the enlarged history F;.

Proof. Proof. First, ®((a,b]) is Fi-measurable for all a < b < ¢ since the sum function is measurable
and ]:t(l) C Fi. Second, A;(t) is the stochastic intensity of ®; with respect to the shared history

Fi, since the conditional expectation given ]:t(l) coincides with the conditional expectation given JF;
for any random variable independent of ]:t(j ) with j # 4. This fact is in turn a consequence of the

independence of the filtrations {]:t(l) N | and that JF; is generated by events of the form ﬂf\i 1 A; with

A; € ft(i), i=1,...,N. Finally, that A(¢) is the stochastic intensity of ®(¢) with respect to F; follows
immediately by linearity of conditional expectation. O

The above Lemma guarantees that the stochastic intensity of process i is not altered by superpo-
sition with other independent processes; there is no cross-information between the processes, a crucial
assumption. As an example of what could happen without independence, consider in particular two
processes @1, and @y = Sy, (1), i.e. a delayed version of the first, with ¢y > 0. Then their stochas-
tic intensities with respect to their own natural histories are just delayed versions of one another:
Xo(t) = A(t — tp). However, in the combined history of both processes, the stochastic intensity of
process 2 degenerates into point masses at the y-shifted points of process 1.

The storage process defined above is quite general, we now restrict our attention to causal policies,
which are only the ones that use past information from the process.

Definition 4. Consider a local memory system with independent request processes {®; :i =1... N},
aggregated natural history F; and capacity C. A causal memory management policy is a stationary
Fi-predictable stochastic process C(t), with values in the space Pc(N) of all subsets of {1,...,N} of
size at most C' (equipped with the discrete o-algebra).

10



We can now compute the stochastic intensity of the hit process for any causal policy:

Lemma 2. Let C(t) be a causal policy. The stochastic intensity of its associated hit process Ve (t)

defined by (I5) is

N
Ae(t) = Xi(B)1iecy- (16)

i=1

Proof. Proof. We apply the smoothing formula Theorem of Section 21l For an F;-predictable process
Z(t) we write:

E[/R \Ifcdt] ZEU )1 ey i dt] f: [/ 1{Z€c()}>\()dt]

i=1
=E /RZ(t) (Z l{iGC(t)}Ai(t)> dt| = E |:/R Z(t) A (t) dt:| .
i=1
The second equality follows from (), since by Lemma [I] the stochastic intensity of ®; with respect F;
is still A;(¢), and the process Z(t)1yiec()) is Fi-predictable, because C(t) is causal.

Since the identity holds for any Fi-predictable process Z(t), the converse implication in the smooth-
ing formula establishes (I8]). O

Define now the policy C*(t) as follows: at any point in time, rank the items by decreasing stochastic
intensity, and store the C highest; ties may be broken arbitrarily. Note that this policy maximizes the
sum of the stochastic intensities of the items in memory:

C*(t) := arg ma Ai(t 17
()= are e SN0 (17)

This proposal was already presented in [Panigrahy et al| (2022). The result below provides a detailed
proof of optimality within the framework of stationary point processes.

Theorem 1 (Optimal causal memory management policy). For any causal policy C(t), its stationary
hit rate he satisfies:

he = E[Ac(0)] < E[Ac+(0)] = hex.
In addition, the hit probability:
He := Py (Vc({0}) = 1)

1s also mazimized by the policy C*.

Proof. Proof. Note from eq. (I0) and the construction of C*, that for any realization:

N
0)=> X(0)lgecy < max Y A(0) = Ac+(0).
=1

11 ic . .
(i1, }26{21....,20}

The first inequality follows by taking expectations on both sides with respect to the joint probability
measure P of the arrival processes (non-synchronized with arrivals).

To derive the second statement, it suffices to show that for any causal policy he = AV Hp, i.e. the
hit rate is the total rate “thinned” by the hit probability. This is a natural property, but non-trivial
since the thinning is not independent of the arrival process.

11



To proceed, apply (&) to the set B = {0} to conclude that

Ve({0}) = #{j : ¢;({0}) = 1,7 € C(0)}. (18)
Apply now the Palm probability formula (I4]) to the event A = {w : ¥e({0}) = 1}:

He = PG (¥e({0}) = 1) Z ANP% (Te({0}) =1).

Now note that under P%i, the events {U¢({0}) = 1} and {i € C(0)} coincide almost surely; this
follows from (I8]) observing that the set of the right-hand side can (at most) contain the index j = 1,
P%Z_—almost surely. Therefore, we arrive at

He = —PO : (i € C(0)). (19)

Now return to (16 and its expectation, at t = 0:

N

> Ai(0)Lecqo) ] ZE (0)1iec(o)}] -

i=1

he =E

Since 1y;ec(s)y is Ft—predictable for our causal policy, it follows from Papangelou’s Theorem (Brémaud
2020, Theorem 7.7.5) that:

E [Ni(0)1gecon] = MEs, [Liec)y] = NP, (i € €(0)) .
Summation over i gives, together with (I9), he = AN He as claimed, and the result follows. O

The above Theorem characterizes the structure of the optimal causal policy for any superposition
of independent request processes, i.e. where no additional information is available about the future
other than the natural history of the requests and there is no cross-information between them.

We now analyze some examples were the above policy can be further characterized. The simplest
is the Poisson case:

Example 2 (Poisson arrivals). In case all processes ®; are Poisson with \y = ... = Ay, \i(t) = A;.
By Theorem/[d, the optimal policy C* is the static policy that stores the C' objects with higher (average)
intensities at all times. This is of course connected to the total independence property of Poisson
processes and is also well known in the caching literature (see e.g. |Garetto et al. (2016)) under the
name Independent Reference Model.

In the more general class of renewal arrival processes, by eq. (@), A;(t) = n; (t —7; (t)). In this
case, the optimal policy can be recast in the following way:

Corollary 1. If all input processes are renewal and independent, then the optimal causal policy is, at
time t:

e Rank all contents in decreasing order of the current interval hazard rates, n;(t — 7, (t)).

e Store in memory the first C' objects in the ranking.

12



As we can see, the role of the hazard rates is crucial, as already identified in [Ferragut et all (2016)
for timer-based caching. Different monotonicity assumptions on these hazard rates lead to completely
different optimal policies, as we shall see in Section [Gl

If the processes are not renewal or are correlated among them, this statement will not be true in
general, and we will have to keep track of the shared stochastic intensity with respect to the common
history.

An issue with the optimal policy is that its main performance metric, the hit rate, cannot be
computed exactly except in some special cases. We now turn our attention to an asymptotic result
that characterizes the optimal policy for large scale systems and allows us to calculate asymptotic
performance limits.

4 Large-scale analysis of the optimal causal policy

In this section we will present results concerning the asymptotic behavior of the optimal policy in a
large-scale regime, where both the system load and memory size scale appropriately to infinity. For
this purpose we need to introduce more structure into the problem: in particular we will assume
that requests for different items come from independent renewal processes that differ in their mean
intensity, but with their inter-arrival distributions sharing a common scale family.

The base process from which the scaled versions are derived will have unit intensity. We reserve
henceforth the notation Fy(t) for the inter-arrival distribution of normalized mean 1; F'(t), n(t) are the
respective age distribution and hazard rate functions, and Gy(x), G(z) the corresponding distributions
for observed hazard rate at, respectively, times synchronized and non-synchronized with arrivals. We
now specify our scale family.

Assumption 1. The request processes ®; for itemsi € {1,..., N} are independent renewal processes,
whose inter-arrival time distributions are given by:

Fy(t) = Fy(Ait),

where \; is the process intensity. Without loss of generality we will assume that the intensities are in
decreasing order, i.e. A\1 = ... = Ay > 0; equivalently, items are ordered in decreasing popularity.

Invoking (2)) and (B), we can express the age distributions and hazard rates of the scaled processes
in terms of the base (unit mean) process:

FOw = |

, i) . .
10 = G = T = o (200)

We can carry out an analogous calculation for the observed hazard rate introduced in Section
Denote by X the observed hazard rate for the base process, and let G(z) be its distribution at a time
non-synchronized with arrivals. Analogously we denote by X;, G () the corresponding objects for
the scaled process with intensity A;. We have

GO(z):=P(X;<z)=P (n(i) (—Téi)> < x) =P (77 (—)\,-To(i)) < a:/)\,) .

The key observation is that —)\ﬂéi) ~ F, the age distribution of the base process: indeed,

t Ait
(1= Fo(his))ds = /0 (1= Fo(u))du = F(\L); (20a)

P <—>\i70i) < t) _ <—T(§“ < t/Ai) — FO (¢/\) = F(1).

13



Therefore, U(—)\iTéi)) ~ G and we have:
GO (z) = G (z/\). (21)

If, instead, we look at the observed hazard rate distribution at a time synchronized with arrivals, we
can derive analogously the relationship:

G (x) = Go (/7). (22)

4.1 Threshold characterization of the optimal policy

Under Assumption [I, the optimal policy of Corollary [Il can be recast as follows: at any given time
(e.g., t = 0), we have a sample of random variables X; := Ui(—T(gZ)), i =1,..., N, each representing
the stochastic intensity (observed hazard rate for the current interval) of the i—th request process.
Since the processes are independent, the X; are independent but non-identically distributed, in fact
X; ~ G,

According to Corollary [Il an item will be stored in memory at time ¢ = 0 if and only if its observed
hazard rate is one of the C-highest. An alternative way to cast this optimal policy is to consider the
empirical distribution of the observed hazard rates, defined by:

N

~ 1

Gr(@) =5 D Lxiza) (23)
=1

With the above definition, object 7 is locally stored at time ¢t = 0 if and only if @N(Xi) > % =1- %
Introducing the quantile function (inverse of the empirical distribution)

@N(p) ::inf{x:@N(a:) 2])}, p € [0,1], (24)

the condition for storing item ¢ in memory may be expressed as:

>0y = Qn <1—%>. (25)

The random variable §N acts as a threshold in the OHR that determines the items to optimally store
in local memory. Equivalently, 5 = Yy_¢ where {Y; : i = 1,..., N} are the order statistics of the
sample {X;,i=1,...,N}.

We will pursue asymptotic results for a system with a very large catalog size N. If we can find
a suitable limit for the empirical distribution ? ~(z) as N — oo, and the memory size scales linearly
with NV, such that % — N ¢, then the quantile # should approach a limit: i.e., the large-scale behavior
should resemble a policy with a fixed threshold in OHR.

Since the X; are not identically distributed, we cannot use classical Glivenko-Cantelli arguments
for empirical distribution convergence. Nevertheless, we will show that a suitable limit arises under
Assumption [ if the system load, as defined by the request intensities, also scales appropriately with
N.

4.2 Scaling of the request intensities

We will construct a sequence of systems indexed by N, the number of arrival streams or, in other
words, items in its catalog. Denote by {)\Z(.N)}izil the arrival rates of the system of size IV, with the
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above convention that /\gN) > > )\E\J,V) > 0. We may think of these points as a discrete measure on

the axis A € Ry of possible process intensities. Normalizing this measure to total unit mass we may
write its distribution function:

N
Ly()) == % d1 [y (26)
=1

The total arrival rate for system of size N can then be expressed as:
A =3 = N/ AL N (dN).
: 0

Our limit theorems will assume that this family of discrete distributions has a limit with N — oo:

Assumption 2. There exists a fixed distribution L, with no atoms at A = 0, such that Ly = L when
N — co. Here = denotes usual weak convergence of probability distributions.

To gain some intuition on the above condition we turn to the following important example.

Example 3 (Scaling for Zipf popularities). A widely used model of popularity among different items
is the so-called Zipf distribution, where the request rates \; o< i~?, where 8 > 0 is the tail parameter
of the Zipf law. Note that 8 = 0 corresponds to a uniform distribution, whereas as for large 3, relative
popularities decay very fast.

In order to model this in our setting we can use the following arrival rates for the N —th system:

AN — (ﬁy
7 Z ?

with 8 > 0. Under this scaling, the least popular object has intensity 1 for all N. As N grows, larger
intensities are included in the miz. Now, for any A > 1, we have:

1 & 1 & 1| N
1-Lyv(N) = ; 1{(%[3»} =5 Z; 1{2'<A1%} == {WJ N:ioxl/@
Since the above convergence is pointwise and the limit is continuous, we have Ly (\) = L(\) given by:

L) =1-X"Y8 forx>1. (27)

In the limit the popularities follow a continuous distribution over [1,00), namely a standard Pareto
distribution with tail parameter 1/[.

If B > 1, i.e. the popularities are light-tailed, some objects are extremely more popular than others;
in this case L does not have a finite mean. If instead 0 < B < 1, where popularities are heavy-tailed
and thus more homogeneous, L has finite mean 1/(1 — ). For 8 = 0, the system degenerates into
every object having the same popularity, and thus L is the step function at A = 1.

It is worth observing also that the total arrival rate of the N-th system satisfies:

N N
N 1
)\szg)\l(- ):NBE;Z.—B::NBSN(/B%

where Sy (B) is the generalized harmonic series partial sum. Using the well known equivalents for this
series, we have that:

O(N¥) if B> 1,
MW ={O(NlogN) ifg=1,
O(N) if B< 1.
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In particular, with our scaling, the total arrival rate AN — oo as N — oo, albeit at different rates
depending on the tail parameter (.

4.3 Asymptotic behavior of the optimal causal policy

We now return to our family of systems indexed by N, with renewal requests coming from a common

scale family with base distribution Fj (Assumption [IJ), and incorporate the scaling in Assumption

on the arrival rates {)\Z(-N) N |. Namely, their empirical distribution Ly(A) in (Z6) has a weak limit

L(N).

If we look at each system at a fixed time ¢t = 0, we obtain a sample of the current observed
hazard rates {XZ-(N) :1=1,...,N}. Considered collectively for all N > 1, these random variables
constitute a triangular array; without loss of generality we may assume they are all defined in a
common probability space (€2, F,P).

For each N we can define the random function G ~ by eq. ([23). The main result below concerns
the asymptotic behavior of these empirical hazard rate distributions.

Theorem 2. Consider a family of local memory systems, indexed by N, with request processes satis-

fying Assumption [, and with intensities {)\Z(-N) N | satisfying Assumption B Then:

Gy = Gs P —a.s.
N—o0

where the function G, is given by:
Coo() = / Gl /N L(dN). (28)
0

Moreover, assume that the memory size of the N-th system satisfies CTN —nc, with 0 <c< 1.

Then, if 1 — ¢ is a continuity point of the quantile function Qu = G, the random threshold §N
defined by eq. ([25]) converges P—almost surely to 0* = Qoo(1 — ¢).

Proof. Proof. The proof begins by computing the expected value of the random function G N

1 1 = ) 1 x
N;l{Xi(N)@”} :N;G (x):NZG W ) (29)

=1 7

Gn(z) =E [GN(x)] —E

where we have applied the scaling in 2I)). Gy is a (deterministic) distribution function in z > 0.
Using the definition of Ly, we can rewrite the above as:

Gnl(z) = /O T G/ N Ly (V).

We first show that, as distribution functions, Gy = G« as N — co. To do so, it is convenient
to interpret (29]) as follows: consider a pair (X, Ay) of independent random variables in Ry, with
respective distribution functions G(z) = P(X < z), Ly(\) = P(Ay < A). Then Gy(z) is the
distribution of the product Zy = XAy. Indeed,

N N
P(Zy <) =Y P(XAy <z[Ay = AXV)P(Ay = 2M) = = 3" P(X <2/AY) = Gy (a).

Now, consider the limit in distribution of the pair (X, Ay). Due to their independence, and Ly = L,
the limit corresponds to the distribution of (X, A), a vector of independent random variables with
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marginal distributions G(z), L(\). By continuity of the map (z,\) — x\, we conclude that Zy =
XAn % 7 — XA. Tt remains to compute the distribution function of the latter product:

We conclude that Gy = Go as N — oo. Equivalently, we have pointwise convergence Gy (z) —
Goo(x) at any continuity point x > 0 of G.

To relate the mean function Gy () to the stochastic one Gy (x), we now resort to (Shorack (1979,
Theorem 2.1), a generalization of the classical Glivenko-Cantelli Theorem for empirical distributions
for random variables that are not identically distributed. The theorem states that, in the probability
space (2, F,P) where the triangular array {XZ-(N) :1=1,...,N,N > 1} is defined, we have:

HGN—GNH 40 P-as. (30)

0o N—oo

In particular, with P probability one, |@N(x) —~Gn(z)] = 0as N — oo for all x > 0. Combining
this with the previously obtained pointwise convergence of Gy (z), we conclude that, P almost surely:
éN(x) — Goo(x) at any continuity point z > 0 of G, and thus @N = G-

Finally, convergence of 6y now follows from the fact that convergence in distribution implies
convergence of quantiles: specifically (van der Vaart 1998, Lemma 21.2), Gy = G is equivalent to
@N(p) — Qoo(p) for all continuity points p € [0,1] of Qs = G3!. See also Proposition [ in Appendix
A1l O

We have thus established that the optimal causal local memory policy converges, in the large
scale limit, to a deterministic threshold policy in the stochastic intensities (observed hazard rates).
Specifically, when memory scales as a fraction ¢ of the catalog, a large scale system should store, at
any given time, the items whose current OHR exceeds a threshold 6*, chosen as the 1 — ¢ quantile of
the limit distribution G in (28]).

5 Asymptotic optimal performance

In this section we analyze the performance achieved by the optimal policy in the large scale limit. As
discussed in Section [B] performance in local memory systems is measured by the hit probability He,
or equivalently the hit rate he = AN He.

We will find it more convenient to derive expressions for the complementary miss probability
Me = 1 — He, and the miss rate me = \N Mg = \N — he. Referring back to eq. (I9), we can write
the following expressions for these quantities in a system of size N E:

N N ()

MM =% P, (i 2 C(0)). (31a)
=1
N

ma) =" AMPY (i ¢ c(0)) . (31b)
=1

The key challenge in the evaluation of the above formulas is to compute P%i (i € C(0)), i.e. the
probability that an incoming arrival does not find its file in local memory. In the optimal policy C* for

4We now make explicit the dependence on N, since we will study the limits as M — oco.
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fixed IV, the determining condition is whether the OHR XZ-(N) of the requested item finds itself among
the C-largest. To correctly evaluate this probability, however, we must recognize an asymmetry: the
competing OHRs X ](-N), j # i are being evaluated at a time not synchronized with their arrivals, and

thus follow independent distributions G(-/ )\E»N)); for the item in question we must use the distribution

Go(-/ )\EN)) that applies to synchronized sampling of the OHR.
For this reason, to analyze the comparison it is convenient to define the empirical distribution

G( ) Z {XJ(_N)gx} (32)

J?ﬁz

of the OHRs of non-requested items, and express the miss condition as follows:

ch <:>21{X;N)>X£N)}>C

J#i
< Zl X(N)gX.(N)} < N-1-C.
J#i '

The above equivalence assumes there are no ties in the comparison of OHRs; to simplify the analysis
to follow, we will make this a standing assumption in this section.

Assumption 3. For each N> 1 and1<i#j <N, P0 (X(N) XJ(.N)> =0.

Returning to (B1Dh), we may now express the performance criterion of the optimal policy as:

oy ZA(N ph, (657 (1) <o) = ZA(N P (XM <a0w), 6y

where @5\71) is the inverse (quantile) function of @5\72).

We now outline, informally, the essence of the analysis that follows. Since the empirical distribution
65\71) corresponds to N — 1 OHRs which are sampled at a non-synchronized point, its asymptotic
behavior under the assumed scaling should follow the conclusions of Theorem 2] i.e. converge to the
distribution Go,. Under C/N — ¢ we have py — 1—¢, so we should have @5\7) (pN) = Quo(1—c) = 6*
as N — oo.

This leads us to consider the approximate formula

N N
m& = 3 ANPG (XM <07) =36 (0))
i=1 =1

in the last equality we have invoked the distribution of X Z-(N), synchronized with the arrival under the
Palm probability P%i. Of course, the approximation is not a rigorous step, we have taken the limit
in the quantile but not in the rest of the formula (B33); nevertheless it will help us arrive at the right
conjecture.

Invoking the distribution of intensities in (26]) we may express the approximation as

mc*

~ Z Al (9* /A§N>> - /O T AGH (0 /N L (dV). (34)
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Under Assumption 2] Ly = L. The integrand function AGy(6*/\) is bounded by 6*, invoking (@);
if it is continuous, the right-hand side will converge to the corresponding integral with the limit
distribution L(\). This formula for the asymptotic optimal miss rate is the main conjecture we will
prove in Theorem B below, making rigorous the preceding approximate reasoning.

We will require some additional technical conditions:

e For continuity of A\Go(0*/)\), it will suffice to guarantee it at the atoms of the measure L(d\),
i.e. the discontinuities of L(\); denote this set by Dy, and recall by Assumption 2] that
0 ¢ Dy. Analogously, denote by D¢, the set of discontinuities of Gy, and by Dy, - Dg, =
{A\z: A€ Dp,z € Dg,}; we will require for our limit theorem that 6* €Dy, - D¢, .

e To carry out the limit result for me~ in ([33]), we will treat separately two cases in regard to the
uniform integrability of the family of popularity distributions {Lx} . The family is uniformly
integrable if:

1
Ve>0,3dK >0, such that sup — Z )\EN) <e
N>1 N

AM >k

Uniform integrability is a standard assumption (see e.g. Billingsleyl (1999), Section 1.3) that connects

convergence in distribution with convergence of the first moment. In particular, if Ly = L and the

{Ly} are uniformly integrable, then

/ ALy (dN) — AL(dN) < oo. (35)
0 N—oo 0

A partial converse also holds; if Ly = L, with first moments satisfying (B5)), the family must be
uniformly integrable.

Example 4. The Zipf family considered in Example [3 has continuous limit L, and thus satisfies all
necessary continuity assumptions. Furthermore, the family Ly is uniformly integrable for B < 1; for
B =1, the limit distribution has infinite mean.

We are now ready to state our main performance result.

Theorem 3 (Asymptotic miss rate - Uniformly integrable case). Suppose {Ln}ys, is uniformly
integrable. Let ¢ € (0,1] be such that 1 — ¢ is a continuity point of Qx, and that 6* := Q(1 —¢) ¢
Dr - Dg,. If C/N — ¢ as N — oo, then

m o0 o+
Jim Kr = /0 pYen <X>L(d>\). (36)

The proof is given in the Appendix.

The result states that for a uniformly integrable scaling of popularity distributions, under some
regularity assumptions, the miss rate of the optimal policy scales linearly with N, with a proportion-
ality constant given by the integral in (B6]), where the distribution function Gy of the OHR under
synchronous sampling appears explicitly. On the other hand, the non-synchronous distribution G of
OHR also influences the formula, since it determines the distribution G in (28]), whose quantile is
the asymptotic threshold 6*.

Corollary 2 (Asymptotic miss probability - Uniformly integrable case). Under the same hypothesis
as Theorem [3, the optimal miss probability satisfies:

S NGo (&) L(d
i riY) = Jo” G0 (X) L)
N—oo [ AL(dN)

(37)
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Proof. Proof. Note that

N N
M(N) B mé*) - mé*)/N'
[ AN - )\N/N7

the limit of the numerator is given in Theorem [Bl For the denominator we use (B3] since %

JoZ ALn(dX) and we have uniform integrability.

O

Note, regarding the formula (37), that the numerator is bounded by 6*; indeed we have AG(0*/\) <

0* from (@), and L has unit mass. As the first moment of this distribution (in the denominator) be-

comes larger, the miss probability is smaller. This suggests that for L with infinite first moment the

miss probability will be zero. This is indeed true, but we must provide a separate argument since

uniform integrability will not hold in this case. Our strategy will be to show that a suboptimal policy,
the static one with C* = {1,...,C}, already achieves vanishing asymptotic miss probability.

Theorem 4 (Asymptotic miss probability - Non integrable case). Suppose that [;° AL(d\) = oo.
Assume C/N — c € (0,1] as N — oco. Then

M <mlY — o (38)

N—o0

Proof. Proof. The first inequality is immediate by optimality of C*; so we focus on the static policy,
where misses are certain for ¢ > C, therefore:

AN VAN D DARTED VAL APV COY

M = = = 0 , (39)
St AN AN /N Jo o ALN(dX)
where ay = LJ_VI(pN) is the py-th quantile of Ly, and py =1 — %
Since Ly = L and py — 1 — ¢ < 1, we have that A := supy ay < co. Then
an A A
lim sup/ ALy (dN) < lim ALn(dN) = / AL(dN) < oo. (40)
For the denominator, we have (Billingsley 11999, Thm. 3.4.)
lim inf ALN(dN) > / AL(d)N) = oc. (41)
N—o0 0 0

Together, ([d0) and (4I]) imply (B8). O

As a comment on the above results, we note the following: when the distribution of item intensities
is mot uniformly integrable, as e.g. in the Zipf case with § > 1, items with the largest intensities
dominate the rest; it is thus natural that the static policy would achieve asymptotic optimality, and
perfect performance, regardless of the inter-arrival distribution. Note, however, that such convergence
may be slow, we refer to Section [7 for examples.

In the more interesting case of uniform integrability, with less disparate popularities, any causal
memory management policy will incur some performance penalty; the minimum miss probability,
achieved by the optimal policy, can be computed explicitly from the inter-arrival distribution charac-
teristics and the storage fraction c.
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6 Threshold policies and their timer-based counterparts

In Section [4] we found that the optimal causal policy could be expressed in terms of a threshold on the
stochastic intensity (observed hazard rate). This threshold is stochastically varying, but converges in
our large scale regime to a deterministic constant.

This motivates us to look at policies that are defined by a deterministic threshold, i.e. where one
keeps in memory items with stochastic intensity larger than #. An immediate observation is that in
such policies the memory constraint C' would not be satisfied in a strong way at all times. Rather,
we must replace it with the soft constraint where the average memory occupation is C. We now make
this formal.

6.1 Threshold policies and memory occupation

Consider a local memory system with independent request processes {®; : i = 1... N}, aggregated
natural history F; and stochastic intensities A;(¢). Consider the following threshold policy:

Co(t) = {i : \i(t) > 6} C P(N), (42)

i.e. the store in memory all the items that have current stochastic intensity above the threshold 6.
Since the ®; are stationary, the intensities \;(t) are also stationary, and thus we have a stationary
and causal policy. The memory occupation of this policy is now the stationary random process:

N
Up(t) = #Co(t) = Y Lin,1)>0}- (43)
=1

Its average can be computed as (using ¢t = 0 as a sampling point):

N N
E[Uy(0)] = E [Z 1{>\i(0)>9}] => P(x(0) > 6). (44)
=1 i=1

Note that E[Uy(0)] is decreasing from N to 0 as 6 goes from 0 to oco. In order to have a fair
comparison against a fixed memory constraint, define the threshold ¢ as:

N
Oc := inf {9 : ZP()\i(O) > 0) < C’} . (45)
=1

Thus f¢ is the 1 — C'//N quantile of the average of the distributions of the stochastic intensities
observed at time 0. From the right continuity of the distribution functions, it is easy to check that
E [Up.(0)] < C, with equality if 1 — C/N is a continuity point of the quantile function. We shall
assume this henceforth to simplify exposition.

Since the arrival processes are independent, the random variables \;(0) are independent, and thus
we have the following:

Proposition 1. Assume the above quantile is exact, in the sense that E[Uy,(0)] = C. Take C = cN
with 0 < ¢ < 1. Then for any € > 0:

it

and therefore Uy (0)/N Licas N = .

N

C0) ] 5 2) <o
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Proof. Proof. The proof follows from the Hoeffding’s inequality applied to the independent Bernoulli
random variables {1y,(0)>¢} }- In fact, for any N, and € > 0:

P(‘UQJCV(O) —c‘>€> :P< '

N N
D 100y —E [Z 1{Ai(0>>9c}]
=1

i=1

2
> Ns) < 2e72Ne

O

From Proposition I, we conclude that under independent request processes, the memory occupation
of the threshold policy will not deviate much from a fixed memory policy, for large N. We will use
this to our advantage in the simulations Section.

6.2 Asymptotic optimality of threshold policies

We focus now on the situation studied in Sections (] and [l where by Assumption [Il the request pro-
cesses are renewal, from a common scale family. Furthermore, the traffic intensities satisfy Assumption

2
In that case \;(0) = m(—TéZ)) = X;, the observed hazard rate, whose distribution is G (z).
Therefore 6¢ is the solution to the equation:

N

3 [1 el (90)} = C.

i=1
Invoking eq. (21]) for the scale family, and rearranging terms we have:

N
_ 1 0 C
Gntoe) =5 26 () =1- -
=1

7

with the notation introduced in (29); invoking the distribution Ly of traffic intensities \;, we may

also write the above equation as:
& Oc C
— ) Ly(d)\) =1— —. 4
[Te (%) tvan=1- 5 (16)

We are now in position to prove the following:

Proposition 2. Consider a family of local memory systems, indexed by N, with request processes
satisfying Assumptions [l and [A. Choose the memory size of the N-th system as Cy = cN with
0 < ¢ < 1. If there exists a unique solution to 0* satisfying:

Goo(0%) =1—c

then the sequence of thresholds On := 8¢, defined by (46) satisfies On — 6*.

The essential step of the proof is to show that Gy = G ; this part is identical to the proof of
Theorem 2l The result then follows from the convergence of quantiles.
Let us now analyze the asymptotic performance: consider an object 4, its miss probability is given
by: '
PY, (i ¢ Coy (0)) = P§, (X; < 0y) = G (O).
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Therefore, the total miss probability for system N is given by:

N (V) N (V) 0
A Ny Jo AGo(On/N)Ln(dN)
MON_Z;)\(N)P Z_; (N) HN//\ ): fooo)\LN(d)\)

We can then state a result analogous to Theorem [3] and Corollary [2] for the asymptotic performance:
Proposition 3. Under the conditions of Theorem [3, the asymptotic miss probability satisfies:

Joo AGo (&) L(dN)
JOAL(@N)

lim My, =
N—oo N

The proof is substantially easier than in the case of Theorem [B, because the threshold 0y is
deterministic, instead of depending on the state of the remaining processes.

Indeed, by (@) and the fact that Oy — 6%, we see that the function AGo(6nx/\) is uniformly
bounded for all N. Taking proper account of continuity as in Theorem [B] the numerator converges as
stated. For the denominator we invoke uniform integrability.

The main conclusion of this analysis is that, under the above assumptions, a deterministic threshold
policy with a soft memory constraint is asymptotically equivalent to the optimal causal policy derived
in Section [3, both in terms of memory usage and performance.

We shall show now that there is a strong connection between threshold policies and timer based
ones.

6.3 Connection with timer based policies: monotone hazard rates

To end this Section, we would like to highlight a strong connection between threshold policies and
timer based ones. Timer based or time-to-live (TTL) caching has been a longstanding idea in local
memory systems: here, each time a request for item i occurs, a timer is started and the item is kept
in memory up to timer expiration. When a new request arrives, the timer is reset. TTL policies
were first analyzed in terms of point processes requests in |[Fofack et all (2014), and the optimal timers
under stationary requests were obtained in [Ferragut et al. (2016).

Consider the policy defined in (42) with deterministic threshold 6 = f¢, from eq. ([@5]). Assume
that the hazard rates are strictly monotonically decreasing over the distribution domain (as in the
Pareto parametric example). Assume for simplicity that the threshold Oy lies in the range of the
function n;(-) and define:

TN — 571 (0y).

Then, since 7; is decreasing, we have:
Ai(t) >0y &t < TZ.(N);

on the right of Figure @ we illustrate this condition. Consequently, in the case of monotonically
decreasing hazard rates, the threshold policy is exactly equivalent to TTL cachlngﬁ This is consistent
with the characterization of optimal timers in [Ferragut et all (2016). In addition, from the asymptotic
optimality of threshold policies established above, we further conclude here that TTL caching is
asymptotically optimal.

An analogous discussion is valid for monotonically increasing hazard rates: here, the likelihood
of a subsequent request is smallest immediately after receiving one, and thus caching is not useful.

SIf O is not in the range of valid hazard rates, the equivalence also holds by allowing zero (or infinite) timers, i.e.
items which are never (or always) stored.
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Figure 4: Threshold policies in terms of timers. Right: timer-based caching for decreasing hazard
rates. Left: timer-based pre-fetching for increasing hazard rates.

Instead, it was proposed in [Ferragut et all (2024) to remove the item and pre-fetch it at an appropriate
later time. In fact, this strategy can also be cast as a threshold policy by observing (see Figure [)
that:

Ai(t) >0y =t > TZ.(N),

so the threshold policy removes the object from memory and recalls it after a time TZ-(N); these timers
coincide with the optimal timer pre-fetching policy from |[Ferragut et al! (2024). And once again, the
asymptotical optimality of threshold policies allows us to further conclude that timer based pre-fetching
is asymptotically optimal for request processes with increasing hazard rates.

7 Parametric examples and simulations

In this Section, we provide some interesting parametric examples to highlight the power of the results,
in particular enabling us to compute sharp estimates for the performance of a local memory system. We
must specify the inter-arrival distribution of our scale family of request processes, and the distribution
of popularities. We begin with the Pareto-Zipf combination, already introduced as examples above.
We then analyze a further example with increasing hazard rates.

7.1 Pareto inter-arrival times, Zipf popularities.

Consider first the Pareto inter-request times introduced in Section 23] with tail parameter o. As we
already mentioned, this family represents bursty traffic with decreasing hazard-rates. For the base
(unit intensity) process we have the following distribution for (non-synchronized) observed hazard
rates:

a—1
G(m):<a;1x> forOéxSacil; G(x)zlforx>%.

Combine it with the Zipf popularities with tail parameter S introduced in Example [B with limit
distribution:

L) =1-X"YPfor x> 1.

By appropriately integrating eq. (28], we can obtain the asymptotic distribution:

[ -cap) (Fra)"T e <y __(a—1)B
Goo(z) = {1 — Cas (a__lx)—l/ﬁ > o where ¢, 1= ma (47)

«

Q

a—1"

a relevant parameter in the following discussion. Note that G (z) is continuous and takes the value
1 —cap at = %5 A depiction of G () is given in Fig. Bl
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Figure 5: Limit distribution G and threshold behavior for the Pareto example with Zipf popu-
larities, a = 2, 8 = 1.

Since G is strictly increasing, we can now solve for the unique asymptotic threshold 6* as a
function of the memory size c. Imposing G (0*) = 1 — ¢, we get the following result:

Ca, B
(a(il> ( cﬂ) ¢ < Ca,B5
1
1— a—1
(a(il> (1—055) C>Ca,ﬁ‘

In the case 8 < 1, it is easy to see that the measures {Ly} are uniformly integrable, and thus we
can compute the miss rate estimate from (B6l):

{(1 — ca) (%5H@)"

7 [1 —aB(l = cap) (QT_lx)l_l/B]

0" =

»

=

o I

VoA

/ T AGola/N)L(dA) = 2

0

o
o—

[y

Substituting the appropriate threshold and noting that fooo AL(dN\) = ﬁ, we reach the following
result for the asymptotic miss probability:

1-8
1 —af(l—cap) (CCB) ¢ < Ca 8;
M = (48)

1

(1=B)(1 = cap) a1 (1=c)aT c>cap.

In Figure[@l we plot the asymptotic miss probability of equation (48] for fixed o and ¢, as a function
of the popularity tail parameter 5. We also compare it to the asymptotic miss probability of the static
policy, which is derived in Ferragut et al! (2016) and is given by 1 — ¢'~# for 0 < § < 1. The optimal
policy has the most advantage when popularities are more homogeneous, in particular as 8 — 0 we
have M — (1 — c)ﬁ < 1—cfor any o > 1. The gain is larger as « decreases: the optimal policy
capitalizes on the burstiness of the incoming traffic, captured by the hazard rates.

A second observation is that convergence of the empirical distribution of the OHRs is very fast.
In Figure [7] we plot a simulated sample in steady state of Gy(z) for N = 100 items for « = 2 and
B = 0.5 as an example. We see the convergence to Goo(z) as established in Theorem 21

Moreover, since convergence to GG is fast, convergence of the random threshold 0y := @ N(l—c) —
0* is also fast. We plot in Figure [§ two examples with the same parameters as above, for N = 1000
and 10000. The threshold process 6y (t) is approximately constant for large N around the value 6*.

This last observation is crucial for developing finite N approximations for the performance. Due
to the fact that, when 8 — 1, the family of distributions {Lx} approaches non-uniform integrability,
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—— Optimal policy (asymptotic)
—— Static policy (asymptotic)

0.5

Miss probability

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 6: Asymptotic miss probability for Zipf popularities with varying parameter 5. Pareto
inter-request times with a = 2, ¢ = 0.1. Static policy added for comparison.

Figure 7: The empirical distribution of the observed hazard rates for N = 100 and its limit G ().
Pareto requests with a = 2 and Zipf popularities with 8 = 0.5.

N = 1000 N = 10000
4 |-
2 |
—0(t) —0()
| | | | T | | | | T
1 2 3 4 5 t 0.2 0.4 0.6 0.8 1

Figure 8: Threshold evolution and large scale limit for Pareto requests a = 2, 8 = 0.5, ¢ =0.1.
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——  Asymptotic result

0  Simulation, N = 100
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Figure 9: Miss probability of the optimal policy for Pareto requests, @« = 2, ¢ = 0.1 and varying
B. The solid curve represents the asymptotic result ([48)). Dots represent simulation results for
different values of N. The dotted lines represent the finite N approximation (@9)).

convergence of the miss rate estimate mgj), the total rate A(Y) and the miss probability M (iv) is slow
around this value, as depicted in the simulations show in Figure [0

In order to compute finite N approximations, we use the intuition developed in equation (34)), that
is, compute the asymptotic threshold 6* by solving G (6*) = 1 — ¢, and plug in this estimate in place

of the random threshold é\N. Then estimate Mc(iv) as:
o) * N
) Jo AGo(0*/N)Ln(dN) 1 (N) v (g sy (N)
Mg ~ AN@) Z_;)\ Go(67 /2™ (49)

This turns out to be equivalent to approximate the optimal performance for that of the fixed
threshold policy discussed in Section [6l and it is numerically easy to compute, even for distributions
which do not have closed form expressions as in this case. Therefore, this procedure provides sharp
estimates of the maximum achievable performance for any policy and finite N. An example of this
approximation is depicted in dashed lines in Figure @

7.2 FErlang inter-request times and Zipf popularities.

We now turn our attention to a different example, where the hazard rate of the inter-request distri-
bution is increasing. This leads to a totally different behavior: for instance, caching is not a good
idea in this setting , since upon receiving a request, a subsequent request becomes less likely. It is
actually preferable to remove the content from memory and pre-fetch it again closer to request time
Ferragut et all (2024).

Of course, the optimal memory management policy designed in Section [l does this automatically
by keeping track of the hazard rates, and all the asymptotic results derived for it are still valid in this
case.

To illustrate this behavior, we choose the inter-request times to be distributed as an Erlang dis-
tribution with k stages, and appropriate means. For k = 1, this corresponds to the Poisson process,
since inter-request times become exponential. As k grows, the process approaches deterministic inter-
request times, and thus the traffic pattern becomes more regular.
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Figure 10: Empirical distribution of the observed hazard rates for N = 1000 and its limit G (2)
(left), and threshold process evolution (right). Erlang requests with k& = 4 stages, Zipf popularities
with 8 = 0.5 and ¢ =0.1.

To be precise, let the base inter-request distribution be Erlang with k stages and mean 1 (so A = k).
This corresponds to the following:

>
N
| —

folt) = B By =1 -

Gkt 4
1) (kt)e t>0.

<.
Il
o
.

This yields the following nice formula for the hazard rate function:

(kt)k—l
k—1)!
T,(t) = k kEl 1)

> j—o j(kt)?

where B(A, C) is the classical Erlang-B formula for the blocking probability of telephone systems. For
k > 1, this becomes strictly increasing in ¢, 7(0) = 0 and 7(t) 1 k when t — co.

Unfortunately, for this distribution, there is no analytical expression for the age distribution F'
or the observed hazard rates, and thus G, must be estimated numerically. We do so for the Zipf
popularity distribution limit L()\) introduced above. We plot the resulting distribution in Figure 1a,
together with a simulation of the empirical version G n(z) for N = 1000, showing good convergence.
Also in Figure [0 we show the threshold 6y evolution over time for the optimal policy, showing
convergence to the numerically computed limit 6*.

Finally, in Figure [II] we plot the asymptotic miss probability of the optimal policy, numerically
computed from eq. ([B7), as well as a simulation of the optimal policy for N = 1000 as a function of the
parameter 3. As discussed above, convergence to the performance limit is slow when § approaches
1, so we also compute the performance estimate from (49]), which also corresponds to the optimal
pre-fetching policy from [Ferragut et al) (2024), showing good fit. As a comparison, the classical LRU
policy is also simulated for the traffic pattern. As we discussed above, classical caching performs badly,
due to the regularity of the request process.

= kB(kt, k — 1)

8 Conclusions

This paper was concerned with the optimal management of local memory systems, analyzed with tools
of stationary point processes. As a first contribution, we provided a rigorous setting for this problem,
formalizing ideas in [Panigrahy et al. (2022) to show that it is optimal (in the sense of maximizing
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Figure 11: Miss probability of the optimal policy for Erlang requests with k = 4 stages, ¢ = 0.1 and
varying 8. The solid curve represents the asymptotic result. Squares represent simulation results
N = 1000 and the numerical approximation from (9] is given in dashed lines. For comparison,
LRU simulations are also shown.

hit rates) to store in memory at every moment the items corresponding to the highest stochastic
intensities.

From this starting point, for the case of renewal request processes we analyzed the limiting behavior
of the optimal policy as the catalog size N — oo, when a fixed fraction ¢ of items can be stored.
Assuming item inter-request distributions come from a common scale family, with intensities that
have a limit in distribution, we proved that the optimal policy amounts to comparing the stochastic
intensity (observed hazard rate) of the process with a fixed threshold, defined by the 1 — ¢ quantile of
a certain limiting distribution function. We further characterized the asymptotic performance (miss
probability) of this optimal policy.

We also analyzed optimal threshold policies for the finite N case, which satisfy the memory con-
straint in the mean. We showed that they have the same limiting behavior as the optimal policy.
Moreover, we found that for monotonic hazard rates in the inter-request distribution, these are equiv-
alent to timer-based policies where caching or prefetching times are determined by a hazard rate
threshold.

We present two detailed examples of our results, for the standard Zipf model of item popularities,
and two cases for the inter-request process. For the bursty, decreasing hazard rate case of Pareto
inter-arrival times, we obtain closed-form expressions for the optimal asymptotic threshold and the
corresponding performance. We also provide sharp estimates of the optimal performance for finite IV,
validated by detailed stochastic simulations. For the regular, increasing hazard rate case of Erlang
inter-arrival times, closed-form expressions are not available but we still carry out a numerical valida-
tion of the asymptotic threshold and performance. We also use this example to exhibit the significant
superiority of the optimal policy in comparison to the popular LRU policy, in contrast with the bursty
case where LRU has good behavior.

For future research, we may explore the application of our machinery to characterize optimality
for other kinds of request traffic: Markov-modulated Poisson processes to account for time variations,
more general mixtures of traffic from different sources, and possibly heterogeneity in item sizes, as
well as different popularity distributions.

Note also that as presented, the optimal policy serves as a fundamental limit on the achievable
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performance, but not necessarily a practical algorithm since it requires knowledge of the relevant item
intensities and hazard rate distributions. This poses the question of possibly learning this information
from the actual request data. Alternatively, to design an eviction policy which does not make explicit
use of these quantities but approximates optimal performance in practice; to some extent LRU achieves
this in the bursty case, but a counterpart for the increasing hazard rate is currently open.
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A Appendix: Proof of Asymptotic Performance

In this section we will provide a proof for our main result on asymptotic performance of the optimal
policy, for the uniformly integrable case. Referring back to Section [, we begin by restating equation

B3):

ml) = fj MVPG (G5 (xM) < i) = fj AP (XM <@ 0w), (50)
=1 =1

where py =1 — %, ég{l) was defined in ([32)) to be the empirical distribution of the OHRs of items
different from 4, and @\5\72) its corresponding quantile function.

To compute each term on the right we must invoke the distribution of XZ-(N) under the Palm
probability; it would be more convenient if the right-hand side of the inequality does not depend on
1. For this purpose we will bound the quantiles obtained from 65\71) with those of G ~ defined in (23)),
which includes all items; as usual, @ ~ 1s the corresponding quantile function. The key observation is
that the contribution of the i-th item to the empirical distribution G n of all OHRs is at most %, and
therefore negligible in the limit as N tends to infinity. More precisely, we have:

Lemma 3. max;<i<y HGN — Gg\?)

1
<
o

Proof. Proof. Recalling the definitions (23] and (32]), we can write:

N
NGy (x) — (N — 1)G§\71)(;p) = Z l{XJ(.N)gm} — Z l{X](N)ggg} = 1{X£N)<m};
j=1 J#i
= N (Gn (@) = G\ (@) =1 00, — GNPV (@)
N {(xM<ay — TN AT

In the preceding identity, the right-hand side is the difference of two numbers, both in [0, 1]; therefore
G (z) — 65\72) (z)| < %. This holds for every z, and for each 1. O

We will now make use of this Lemma to bound the distribution of 65\72) (XZ-(N)), as required for (B0),

with that of G N(Xi(N)). However, this change brings a new difficulty, since G ~(+) and Xi(N) would
not be independent. For this reason, to calculate the distribution we will use a coupling argument
and consider independent versions of the corresponding random variables.
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Proposition 4 (Miss rate bounds for fixed N). Let pN = PN -1 ~ where py =1 — . Let gpN be

the probability distribution function of the random variable HN = QN (pN) under the probabzlzty P.
Then the miss rate is bounded from above and below by

I AG0< )wNwe)LN(dA mC* <[ AGO( )c,oN(de)LN(dA) (51)

Proof. Proof. The proof is based on a coupling argument where we consider independent copies of the
OHRs. The distributions of these copies mimic the distributions of the OHRs at an arbitrary time
t = 0 (that is, under the probability measure P) and upon an arrival at time ¢ = 0 (that is, under the
Palm distribution P%). More precisely, consider two independent, row independent triangular arrays

{Y ¥:N>1,1<i<N} and {Z)V:N>1,1<i< N},
defined on a common probability space (Q, F, f’) with distributions
YN ~ G (-/AY) and Z¥ ~ Go (-/A)) forall 1 <i < N and N >

Let

~

N
1 ~(_q 1
An(@) = 53 Yypeny 20 A0 = 53 2 Lpaay-
j=1 j#i

Analogously to Lemma [B] we have:

g0 gl <L
e [0 - B < 5 (52
For each N > 1 and 1 <7 < N the random variables
viv, YN ZN YA Y
are independent, so if we let UZ-N = ];AI](V_Z) (ZZN ), its distribution under P will coincide with that of
@g{i) <XZ-(N)) under the Palm probability P%Z_, ie.
Py, (ag@ (x™) < pN) =P (UN <pn). (53)

To bound the probability on the right-hand side, observe that from (52 we have:

(T (7) <pn} < {UN <pw} < {Bn (2Y) < v} (54)
the proof proceeds by computing the probablhtles of the extreme sets in (54]), noting that under the
constructed P, Z is independent of Hy (a function of YN, YY),

Focusing momentarlly on the upper bound, we can write:
P (Hy (2)) <pf) =P (2] <QRD). (53)

where @% denotes the quantile function of H ~; by construction, the distribution of @%(p}) under P

coincides with that of 514\'7 = @ N(p;(,) under P, which by hypothesis is denoted by gpj\', (6). Since Z} is
independent and has distribution Go(-/AN), we can compute the right hand-side of (58] to be

/OOOP(Zjv < 0) o} (do) :/0 Go (AH >¢N(d9)

2
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Multiplying by AN and averaging over i we obtain from (54)):
1 n
N BN N
N L APOY < ZP(HN<Z ) <)
i=1

NZ/ )\NGO<)\N>cde0 / / )\G()( )cpN(dH)LN(d)\)

where the last step invokes the definition of L. An analogous calculation provides the lower bound

/ / )\G0< ><,0N(d9)LN (dX) Z)\NP ).

Invoking (53]) and the expression (50) for the miss rate, we conclude the proof. O

A.1 Convergence of quantiles

Our next step is compute the limit as N — oo, under suitable conditions, of the lower and upper
bounds in (BI). We Wlll use the convergence Ly = L of Assumption [2] but we also need to address
the convergence of ¢+ v distribution of quantlles for the random function G N-

Recall that by Theorem 2l we have GN = (G with P probability one, where G, is defined
by ([28). A standard result we have already invoked (e.g (van der Vaart 1998, Lemma 21.2), is that
convergence in distribution implies the convergence of quantiles at a fixed point p, provided the limit
quantile function is continuous at p. We will need a slight generalization of this property, for the case
where quantiles of the sequence are evaluated at a variable point py, convergent to p. This is stated
and proved next.

Proposition 5 (Convergence of quantiles). Let {Fn}n>1 be a sequence of cdfs such that Fy = F
for some cdf F. Let Qn and Q be the quantile function of Fy and F respectively. Let p € [0,1] be a
continuity point of Q and {pN}y~, a sequence in [0,1] such that py — p. Then Qn(pn) — Q(p)-

Proof. Proof. In the proof we use the characterization of weak convergence in terms of the Lévy

distance
dr(F,G) :==inf{e >0 | F(x —€) —e < G(z) < F(x + €) + ¢,Vx € R},

between cdfs F,G : R — [0, 1]. Convergence in the Lévy distance dy (Fn, F') — 0 is equivalent to weak
convergence Fy = F'.
Let € > 0. By continuity of @ at p, there exists 6 > 0 such that |¢ —p| < § implies |Q(q) — Q(p)| <
€/2. Let 0n := d(Fn, F). Choose Ny such that [py — p| < §/2 and dy < min{e, d}/2 for all N > Nj.
We claim that
Q (py —0n) — 6N < QN(pN) < Q (pN + 0N) + 0N (56)

Indeed, for the left inequality of (56), let = € R be such that Fy(z) > py. Then
F(x +0n) > Fy(x) —6n 2 pv — 0N,

which implies x + 0y > Q(pny — 0n). Taking infimum over such x we get Qn(pn) = Q(pn —On) — N
For the right inequality of (5], let € R be such that F(x — dn) = py + dn. Then

Fy(z) > F(x —dn) — 0N = DN,
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which implies x > Qn(pn). Taking infimum over such = we get Q(py + 0n) + on = Qn(pn). This
proves the claim.
Let N > Ny. Then

Q) — e <Qp) — = — oy < Qlpx — dn) — dn < Qn(py)

2
and .
Qn(pn) S Qpv +0n) +0n <Q(p) + 5 +n < Q) +e
Thus |Qn(pN) — Q(p)| < € for all N > Nj. O

A.2 Proof of Theorem [3

We are now in a position to complete the proof of our main result on performance.

We first establish that Hﬁ =@ N(pji\,) — Nooo 0% 1= Qoo(1 — ), almost surely in P. This follows by
invoking Proposition [l at each w in the set where G ~N = (G, which has unit probability by Theorem
2l note that p]j\tf — 1 — ¢, which by hypothesis is a point of continuity of Q.

Almost Sure convergence implies Convergence in probablhty, and in distribution. Therefore the
distributions % y of the random variables 0 both satisfy @& N = 0O+, a unit mass at the hmlt threshold.
As a consequence, under Assumption [2] we have convergence of the product measures <p v Ly =
0p @ L. We will use this fact to show that both bounds in (5ll) converge to the same limit, and it
coincides with the right-hand side of (B0l).

Define for this purpose, the function A : Ri — R4 by h(\, 0) = MGy (%) Our next claim is that

(¢35 @ Ly)h™t = (3 @ L) B 7L, (57)

This claim is established in the mapping theorem (Billingsley 1999, Thm. 2.7.) provided that A is
measurable and its set of discontinuities Dy, has zero measure in the limit, i.e. (dp« ® L)(Dy) = 0.
Since the limit measure in # is a point mass, we have:

o000 =1 ({32 <)) -

Note also that, Gy being a distribution function, its set of discontinuities is countable. Therefore the
measure on the right of (58]) can only be positive if there exists A\g € Dy, (an atom of the measure L)
such that % € Dg,. This would imply that 6* € Dy, - Dg, and is ruled out by hypothesis. Therefore
the claim holds.

To finish the theorem we must go from the convergence in distribution given in (57)) to a first
moment condition. Here is where uniform integrability will come into play. It is easiest to express

this via independent random variables é\]jf,, AN with respective distributions gpﬁ, Ly with 5?\:, 4 g
and Ay 4 A, the latter with distribution L. Condition (57)) is equivalent to the statement

~ 0% 9
h(AN,eﬁ) AnGo (AN> 4y AG <A> — h(A,0%).

Since Gy < 1 we have h(AN,Hi) < Apn; now {An}n>1 is uniformly integrable by hypothesis, so the
same happens with {h(Ay, N)}N>1' Now invoke (Billingsley 11999, Thm. 3.5.) to obtain:

/ / AG0< >LN(d/\)<pN(d0) AnGo <i—f]ivv)] o E [AGO @ﬂ :/Ooo Go (%) L(dN).

Thus, both upper and lower bounds in (&I) converge to the given limit, which concludes the proof.
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