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To the people of the Institute of
Mathematics and Statistics:

As you can see, I still have a foot
on mathematics after all these
years.

With a hug,

Pino
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Network utility maximization
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 concave, and represents connection utilities derived from bandwidth.

 is the routing matrix (  if route  goes through link ).
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Theorem: The dynamics
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are globally asymptotically stable
and its equilibrium solves the
optimization problem.

Network utility maximization



Is the Internet stable?



The above result proves that congestion control is stable for a fixed number of
connections.

But the Internet is stochastic in nature, with random request arrivals and service
times.

In the longer timescale, it behaves more like a queueing system.

Will it be stable?

Is the Internet stable?



Let us include the number of connections  in the picture.

Define:

x (n) =∗ arg ​ ​n ​U ​(x ​)
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Connections arrive at each route at rate  and have avg. job size .

Timescale separation: congestion control solves the map  quickly...

Queueing model of the Internet

n = (n ​)i

λ ​i 1/μ ​i

n ↦ x∗



Each route acts like a queue...

with rates coupled through 

Avg. request rate on each route

ρ ​ :=i λ ​/μ ​i i

Natural stability condition:

Rρ < c

Queueing model of the Internet

x (n)∗



For exponential file sizes, the state of the system is a Markov Chain:

​ ​{
n ↦ n + e ​i

n ↦ n − e ​i

at rate λ ​i

at rate μ ​n ​x ​(n)i i i
∗

There is an analog of Lyapunov stability for Markov chains, take:

V (n) = ​ ​n

i

∑
μ ​i

1
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Under the natural stability condition, the average drift satisfies:

ΔV (n) = ​ ​E V (n(t + h)) − V (n(t)) ∣ n(t) ⩽
h→0
lim

h

1
[ ] −ε < 0,

and then the chain is stable (ergodic).

Problem: file sizes are not exponential in real world scenarios.

Stability and Lyapunov



Grupo MATE



Grupo MATE



Grupo MATE



How normal people see queues:

Queueing models



How I see queues:

Queueing models



How Fernando sees queues:

=ẋ λ − μx

Queueing models



These are two viewpoints of the same thing!

In fact there is a nice theory connecting both approaches [Kurtz et al.]

Queueing models



We have a nice queueing model under exponential assumptions...

...but file sizes are not exponentially distributed.

Can we prove stability for general file sizes?

Back to Internet stability...



Problem: you need a new state space which is distributed in nature...

Because you have to keep track of the residual services.

The state space

0:00 / 0:30



Idea: Replace the point masses by their empirical CCDF...

...and then treat that like a fluid quantity...

Fluid approximation

0:00 / 0:30



If  is the CCDF of jobs present on route , then its dynamics are:

​ =
∂t

∂F ​i
λ ​G ​(σ) +i i x (n(t)) ​ i =∗

∂σ
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 is the arrival rate on route .

 is the CCDF of the job sizes on route .

.

 is the congestion control mapping.

Evolution equation
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Let  be given by:
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Here .

 is a spatial weight function with .

Lyapunov function

V (F ​, … ,F ​)1 N
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Theorem For the above fluid dynamics with congestion control feedback chosen

from the fair family, 

The function  is strictly decreasing along trajectories, provided that the natural
stability condition  holds.

So the internet is indeed stable!

And moreover, the congestion control algorithms that we have been designing are
throughput optimal! (i.e. they are able to stabilize the entire capacity region)

The Internet is stable!

α− U ​(x) :=i ​1−α
x1−α

V

Rρ < c





The beginning of a friendship...
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And a fruitful one...
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Spatial load balancing



Assume a finite (but arbitrarily large) number of arrival locations .

Each location gets requests at rate .

Stations are at locations , and have capacity .

You have a travel cost matrix:

K = (κ )ij

The time it takes demands to get from location  to location 

Model

i = 1, … ,n

r ​i

j = 1, … ,m c ​j

i j



​ ​κ ​x ​,
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​x =
j

∑ ij r ​ i =i 1, … ,n,
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 is the fraction of traffic sent from location  to station .

So it's a variant of the Monge-Kantorovich mass transport problem, where
demands are fixed and you have a destination capacity constraint.

Optimization formulation

δ ​ :=ij x ​/r ​ij i i j



You can solve this as a "central planner", but users may decentralize their own choices.

Assume  represents the queue size at station .

Define  as the queueing delay at station .

Then greedy users will choose, in feedback, the station that minimizes:

j =∗ arg ​{κ ​ +
i

min ij μ ​(q ​), j =j j 1, … ,m}

This complicates things due to the switching nature of the dynamics.
So simplify this by using a soft-min function.

Accounting for users' choices

q ​j j

μ ​(q ​)j j j



Using the bucket analogy again, we get these dynamics for the entire system:
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Again  and  are the network parameters.

 represents the average sojourn time the customers are willing to stay.
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Fluid model of the queueing dynamics
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Here  is a penalty function accounting for queueing delay:

β ​(q ​) =j j ​ ​ μ ​(σ)dσ.
T
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 is the entropy function of the choices, that acts as a regularization term
yielding the soft-max.

Optimization formulation

β ​j

H



The above Problem is a primal relaxation of the earlier Monge-Kantorovich optimal
mass transport...

...that serves as a suitable model for the system when users have greedy choices in
terms of time.

Interpretation



Theorem: The greedy dynamics are globally asymptotically stable, and its
equilibrium point is the solution of the relaxed approximation of the Monge-
Kantorovich relaxed problem.

Main result



Theorem: The greedy dynamics are globally asymptotically stable, and its
equilibrium point is the solution of the relaxed approximation of the Monge-
Kantorovich relaxed problem.

Proof idea: Use Lagrangian decomposition, and take the dual function of the
optimization problem as your Lyapunov function.

Main result



Theorem: The greedy dynamics are globally asymptotically stable, and its
equilibrium point is the solution of the relaxed approximation of the Monge-
Kantorovich relaxed problem.

Proof idea: Use Lagrangian decomposition, and take the dual function of the
optimization problem as your Lyapunov function.

Of course, devil is in the details, but Fernando has a pact with the devil...

Main result
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Simulations
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“If we knew what it was we were doing, it would not had been called research,
would it?”
― Albert Einstein

Final remarks



“If we knew what it was we were doing, it would not had been called research,
would it?”
― Albert Einstein

“At any moment there is only a fine layer between the 'trivial' and the impossible.
Mathematical discoveries are made in this layer.”
― A.N. Kolmogorov

Final remarks


